Physics 125¢
Problem set number 10 — Solution to Problem 38
Due Wednesday, June 9, 2004

PROBLEMS:

36. Proof of the von Neumann mixing theorem: Do exercise 4 of the “Den-
sity Matrix Formalism” course note.

37. Do exercise 7 of the “Density Matrix Formalism” course note.

38. Electric dipole selection rules: In problem 28 we investigated the life
time of a hydrogen level under the long wavelength “electric dipole”
approximation. It is conceivable the the result of such a computation
could be zero, in some cases, that is, the transition is forbidden in this
approximation (but perhaps allowed in higher orders in the expansion
of the > expansion). Consider transitions between states of specified
initial and final orbital angular momentum, ¢; and ¢;, and initial and
final projections of the orbital angular momentum on the z-axis, m;
and my. In the electric dipole approximation, what transitions are
permitted (e.g., what are the permitted values of ¢; and my if ¢; and
m; are given)?

Solution: In the electric dipole approximation, we are interested in
matrix elements of the position operator:

1 27
(nplymy|x|nlim;) o< /_1dcosﬁ/0 do (62)
Yy im, (cos 0, ¢)(sin b cos @, sin ' sin ¢, cos 0)Yy,m, (cos 0, §).

We can do this problem without working very hard: First, we note that
Yj}mf (cos®,¢) = (=)™ Ye,—m,(cost, ). (63)

As a consequence of the Clebsch-Gordan series, we know that the prod-
uct of spherical harmonics Yy, (cos 0, #)Yy,m, (cos 0, ¢) may be writ-
ten as a sum over spherical harmonics Yy, (cosf, ¢), where ¢ ranges
from [¢; — ¢;| to €y + ¢;, and all ¢ terms are present. Furthermore,
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only terms with m = m; — m; appear in the sum. The desired matrix
element thus involves terms of the form

1 2T
/ d cos 9/ Yim;—m, (cos 0, ¢)(sin 0 cos ¢, sin 0 sin ¢, cos 0),
-1 0
C=\ly —ly,.... 0+ ;. (64)

3 .
Y = —Hgsm@e“’j (65)

Now recall that:

Hence,
) 27 . .
sinfcos¢p = E(_Yu +Y7" ) (68)
o 27 .
sinfsing = —i E(Yll +Y7") (69)
4
cosf = %Yl*o (70)

Finally, we use the orthogonality of the spherical harmonics to deduce
that the matrix element will be zero unless the set £ = |[(;—0;], ..., {s+(;
contains the value one, and m; —m; = £1 or 0. That is, our selection
rules are:

Al =Ly —l; ==1 or 0, except {; = {; = 0 is forbidden, (71)

and
Am =my —m; = %1 or 0. (72)
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