Ph196bEM Final Exam Solutions

Mar 24, 2004

m Problem 1.

1) (10 points) A commonly used particle detector consists of a coaxial arrangement of two long cylindrical
conductors with a potential difference between them, and with a gas in the contained volume. lonizing radiation
creates electron-ion pairs in the gas and these separate, with the positive ion moving toward the negative elec-
trode and the electron, toward the positive one. As the charges move, the amount of charge induced by them on
the conductors changes, giving rise to a current in the external circuit which maintains the potential between the
conductors; it is this current that is detected, signalling the ionizing event in the detector.

Suppose the two conducting cylinders have length L, and radii ¢ < b < L, and that an external battery maintains
a potential J between them, the center conductor being positive. If a point charge ¢ is at radius p, a < p < b,
and it is far from the ends of the detector, what is the induced charge on each of the conductors? (Ignore the
dielectric constant of the gas.)

Note: If you knew the mobilities of electrons and ions (mobility is the ratio of velocity to electric field) in the
gas you could work out the current in the external circuit with the results Of this problem, but you needn't do
that for this exam.

m Solution 1.

It is convenient (but not necessary) to arrange things as much as possible in a problem in a problem is at ground
potential. Since we only want induced charges and no potentials in this problem, notice that for this calculation,
all the conductors can be grounded. Use superposition to get rid of the potential J — the induced charge on the
conductors when there is a potential V" between them is the same as the induced charge on them when both are
grounded.

Begin graphics
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end graphics

In[2]:= Show@superl

Q -Q+qp
qe qb
+ =
-V da -V

Outf2l= = Graphics =

I - Solving by Green's Reciprocity Theorem

Use Green's reciprocity theorem on the following two situations

Begin graphics

end graphics

In[4]= Show@green

Primed Unprimed
Q

qe 9o

)

Outf4}= = Graphics =

So we get

(A / ’ VAN G
qUP) + D= ,¢/® > qVF) + gV +¢,x 0=0x0 —0x0=0 > gy=—-q—2
In the primed case, we have from symmetry and Gauss's law 27 p L E,, (p) = —8% 0>

D(p) = Dy + 2;7150 % log p.
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We need to adjust constants so that ®(a) = 0, and ®(b) = V so it is easy to see that

_ 1, log(£)
®e)y=V log(7)

and so we find for the induced charge on the outer cylinder

log(£)

=74 1og(2)

Since an integral of E over a surface contained inside the material of the outer conductor gives zero (since £

=0), we must have

g
Gatq+qy,=0 > da==@t @)= =g

Il - Solving using a two dimensional Green function

Begin by arguing that, for a point charge between the two electrodes, the amount of induced charge is indepen-
dent of the z position of the charge. Thus if we find the amount of charge A’ induced by a given line charge A,

then the amount of point charge ¢’ induced by g must satisfy

~|=

q
q
The Green function for a unit line charge % 0(p — po) 6() between two infinitely-long grounded cylinders of

radii @ and b, where a < py < b, is

G = 40 g0(p) + Xp=1 Am €08 mp g1n(pP)

where form > 0

(&) = (&)™) ()" (5™ a<p<po
)=\ o e o pem
()" () D) —(5) ) po<p<bd
and
()_(10g%10g%° a<p<po
)= log 2 log £ py<p<b

The charge on a unit length of the outer cylinder of radius b is

N=go [ 0,G | bde =27z Aglog 4t
p:

So we only need the constant 4.
To get it, integrate the equation

V2G = —— 8(p — po) 8(¢)

o p
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over all ¢ to get

1
o p

271y 5 (pg4(p) = =5 6(p = po)

and then over the singularity in p giving

27 Ao polgoe) | —golo)
P=po+e€
P=pPo—€
=27 g po(log (£2) - — log(4) —-)
=27 Ap log(L)

1

&

So since g, = g Ap (since A = 1) we finally get
log £
log()

qp =q2meg Aglog £ = —q
as we got earlier.

lll - Solving with 3D Green's Function with non-oscillatory function along z

Another approach, NOT the one I expected people to use, is to go to the trouble of solving the full electrostatic
problem for the case of a point charge ¢ in the space between two grounded cylinders (the 3D Green's function
problem). Note that this is not a 2D electrostatics problem because of the z dependence created by the point
charge.

Put the point charge at (p, ¢, z) = (pg, 0, 0) for convenience. Since:
a) the potential must go to zero at infinity,
b) we are using real exponentials in the z direction,

c) the potential must be single valued and symmetric under ¢ —» —¢ so we must have a ¢ dependence of cos me
wherem=0,1,2,3, ...,

d) the origin p is not in the volume of interest, we have for the p dependent functions a linear combination of
the two Bessel functions J,,(kp) and Y,,(kp) .[ Note that Jackson calls the oscillatory Bessel functions which are
not regular at the origin N,,(kp), but Mathematica uses Y,,(kp). I adopt that convention to make evaluation
easy.] The linear combination and the values of £ must be chosen to get zero potentials at both p = @ and p = b.

(I) :Z;lozo 220:1 Amn(Jm(kmna) Ym(kmnp) - Jm(kmnp) Ym(kmna)) cos m‘ﬁ e 21

where k,,,, is chosen so that J,,(k,,,a@) Y (kD) — Jo(kinb) Yi(kna) = 0, and the coefficients A4, are chosen so
Poisson's equation is satisfied. The index » counts the solutions of J,, (k@) Yy (kb)) — Sy (kind) Yo (ki) = 0.
For convenience, let



inalph196b2004solutions.nb 5
Sinalp

fm(kmnp) = Jn(kna) Ym(kmnp) - Jm(kmnp) Yo (kpna).
We need V2o = — L % 8(p — po) 8() 8(2) so

Vz anozo ZZO=1 Amn fm(kmnp) cos me e 2

= Z;;}:O Z;?;l Amn fm(kmnp) Cos me (g’/ - kr%m g)

—__4q 1
=% 7 0(p — po) 6(¢) 6(2) eq. 1
where g = e~ %mFl_ the function with a discontinuous slope.

Because both the Bessel functions J,,(k;,,0) and Y,,(k,,,0) satisfy the Stiirm—Liouville equation with the positive

function "p(x)" = p and the other function "g;(x)" = k,%m ol mTz, and so also does their linear combination

fmn(0), you get the orthogonality relation

Lb(kr%m - kgm’ )p fm(kmnp) fm(kmn’p) dp=
b(fm(kmnb) fr;l(kmn’b) - fr;z(kmnb) fm(kmn’b)) - a(fm(kmna) fr;l(kmn’a) - fy;,(kmna) fm(kmn’a)) = Oa

for n # n’. This is zero because we have constructed the functions f,,(k,.,0) and f,, (ks o) so that they both
vanish at both p = a and p = b. For convenience again, let

fabp f,,%(km,,p) dp =C,, so that

b
L P fm(kmnp) fm(kmn’p) dp = O’ Conn-
We also have the orthogonality relation in the azimuthal angle:

0 m+m'
fohcosmgocosm’gocﬂgo:[ n m>0andm :m’J
27 m=0andm’ =0

= (1 + 6m0)775mm/-

So multiply both sides of eq. 1 with p f, (ko) cos m’¢ and integrate over p from a to b and over ¢ from
0to2mto get

A w Cor w1+ 6p0) (g/, - k;%,’ n g) = 810 fm’(km’ n pO) 0(2)

Finally integrate over z from —e to +¢, € > 0, and take the limit as € —> 0 to get

A w Cm/n/(1+6mro)7rlimit(g’ | —g" | )
5;’00 Z=€ z=—€

=-2 km’ w Am o Cor (1 + 5m’0) T
== 810 fm’(km' n pO)
So we get

A — q JonGkimn P0)
mn 2 (1+6m()) &y kmn Cmn ’

The next step is to get the charge density on the cylinder at p = a integrate it over ¢ and z to get g,,.
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2T oo
P
q :gof f -= aded:z.
a =0 z:_oo( op )p:a

Finally then an opaque answer for the induced charge is
[ee) [e6] 2 .
Ga==280 ) > Ak @ (k@) Y Uepn@) = T (hipn@®) Y (inn@)) ([ "cos mep dp) ( [ e * d2)

or

qa=—¢q Z:O:l ﬁ a (Jo(kona) Yg(kona) — Jo(kona) Yo(kona)) (Jo(kona) Yo(konpo) — Jo(konpo) Yo(kona))

Since Jy(k p) and Yy(k p) satisfy the same Stirm—Liouville equation (with p(x) = x) we have
x (Jo(x) Y5(x) — Jj(x) Yo(x)) = cnst. The value of the constant depends on the normalization of the Bessel func-
tions, so to conform with Mathematica conventions, calculate

inf5}= FullSimplify|
X (BesselJ[0, x] (Ox BesselY[0, x]) - BesselY[0, x] (Ox BesselJ[0, x]))]

2
Out[5]= s

Thus we get

Ga=-q= Z:;l ,C%;CO” (Jo(kona) Yo(konpo) — Jo(konpo) Yo(kona))

Numerical comparisons between the series solution and the simple ratio of logs

To make the comparison, we need to have the values of Cy,. It,as well as the derivatives, can be evaluated with
Mathematica, but it does a poor job on the Cy,; I'll do it by hand.

Use Abramowitz and Stegun, 11.4.2.

z 7 ’ 2 14 ! 2
COn = k% (b2 (JO(kOna) YO(kOnb) - JO(kOnb) YO(kOna)) - a2 (JO(kOna) YO(kOna) - Jo(k()na) YO(kOna)) )
Find the derivatives.

Infe]:= Ox { BesselJ[0, x], BesselY[0, x]}

oufe]= {-BesselJ[1l, x], -BesselY[1l, x]}

Con = ,%21 (6% (Jo(kona) Y1 (konb) — Ji (konb) Yolkoua))’ = a2 (Jo(kona) Y (kona) — Ji (ko,a) YO(kOna))z)

Do a numerical check of this relation. But first we need the zeros of the cylinder function.

Inf7)= << NumericalMath BesselZeros"
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BessellYJYZeros[0, A, num] is designed to give the first num zeros of Jy(x) Yo(A x) — Jo(A x) Yo(x). We want the
values of k ,, so that Jy(ko,a) Yo(ko,b) — Jo(koub) Yo(kona) = 0, so let the scale be set by a, i.e., a = 1, and x is
then kg, and A = b, the outer radius. I choose b/a = 2.

Inf48]= kOn = BesselJYJYZeros[0, 2., 200];

Check that these £ values make the outer cylinder zero potential.

Ing)= fcylinder[k , p_] :=
BesselJ[0, k ] BesselY[0, kp ] - BesselY[0, k] BesselJd[0, kp ]

In[10]= roots = {1, 10, 30, 50, 100};
inf11]= fcylinder[kOn[#], 1] & /@ roots
outrt1= {0., 0., 0., 0., 0.}
The inner cylinder is grounded.
inf12l= fcylinder [kOn[#], 2] & /@ roots

outft2l= {-1.08247x107°, 8.67362x107%7, 2.38524x107%, -2.29851x107*7, 1.74557x107"}

And so is the outer one. So the values of &, look good. Now do numerical integrations to get Cy, for some
values of n in order to check the hand evaluation of this integral.

if13}= numint = NIntegrate[p fcylinder[kOn[#], o] 2 (o, 1, 2}] & /@roots;

In[14]:= formula =
1
(; (2% (BesselJ[0, kOn[#]] BesselY[1, 2kOn[#]] - BesselJ[1, 2 kOn[#]] BesselY[
0, kOn[[#]]])2 - (BesselJ[0, kOn[#] ] BesselY[1l, kOn[#]] -

BesselJ[1l, kOn[#] ] BesselY[0, kOn[#]1] )2)) & /@roots;

Now compare the two evaluations.

In[15]= Transpose[{numint, formula}] // TableForm

Out[15]//TableForm=
0.0204364 0.0204364
0.000205307 0.000205307
0.0000228131 0.0000228131
8.21277x10°° 8.21277x107°
2.0532x107° 2.0532x10°°

The comparison between the hand calculation and the numerical evaluation of the integral looks good, so I have
confidence that the formula is OK. Now let's check if the long ugly series gives the same result as does the
elegant Green's reciprocity theorem. Evaluate » = —¢,/q using b/a = 2 and values of pg/a from 1.1 to 1.9.
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In the table below, the first column gives the pg/a value, the second comes from numerical evaluation of the
series, and the third column, from the ratio of logs.

In[49]:= Module[{b =2., p0 = #}, {pO, rseries =

200
1
—ZModule[{kn = kOn[[n], cn}, cn = (? (b? (BesselJ[0, kn] BesselY[1, bkn] -

n=1

BesselJ[1l, bkn] BesselY[0, kn] )2 - (BesselJd[0, kn]
BesselY[1l, kn] - BesselJd[1l, kn] BesselY[0, kn] )2)) ;

1 2
5 — (BesselJd[0, knp0] BesselY[0, kn] -
kn“cn T

BesselJ[0, kn ] BesselY[0, kn p0]) ] ,
rgreenrecip = Log[b/ p0] / Log[b] }] & /@ Table[p0, {pO0,
1.1, 1.9, .1}] // TableForm

Out[49]//TableForm=
1.1 0.85292 0.862496
1.2 0.732495 0.736966
1.3 0.618749 0.621488
1.4 0.512722 0.514573
1.5 0.413738 0.415037
1.6 0.321014 0.321928
1.7 0.233843 0.234465
1.8 0.151618 0.152003
1.9 0.0738177 0.0740006

This shows that the series is reasonable, but because the result is a log, the convergence is slow. Even 200 terms
does not give high accuracy.

IV- Solving with 3D Green's Function with non-oscillatory function along p

Again, this is not the way I expected this problem to be attacked, but if one chooses to use oscillatory solutions
in the z direction to solve the full electrostatics problem, then there is no restriction on the separation constant k.
So we have a Fourier integral along z and a Fourier series in ¢. The potential can be represented as

=37 fooodk A (k) cosme cos kz g,,(kp).

I have chosen cosines because of the symmetry under ¢ - —¢ and z » —z. Similarly, I only need positive
values of m and k. The function g,,(kp) is constructed out of modified Bessel functions: (/,, is regular at the
origin and K,, is singular there)

(In(kp) Kp(ka) = In(ka) Kin(kp) ) (Ln(kpo) Kin(kb) — 1y (kb) Kyn(kpo) ), a < p < po )

gnlkp) = ( (Ln(kpo) Ki(ka) — Ln(ka) Kin(kpo) ) (Ln(kp) Kin(kb) — L,(kb) Ku(kp)), po<p=<b

The function is constructed to be zero at both p = a and p = b, and to be continuous at p = py.

Now we choose 4,,(k) so that VZ2® = — sq—o % 0(p — po) 6() 6(z) or, with a slight notation change,
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Z:/:o fooodk’ Ay (k') cos m’ ¢ cos k’z( % % (p %ﬁ’p)) - (";72 + k’z) g (K’ p)) =— % % 0(p — po) 6(p) 6(2)

Multiply both sides by cos me cos kz, m = 0 and k£ = 0, and integrate over ¢ from —7 to  and over z from —oo to
co. Use the relations

f_’;cos mepcosm’odo = (1 + 6,0 050) T Oy

and,

[T coskzcosk’ zdz= 5 2m(S(k+k)+0(k— k) +5(—k+ k) +06(-k — k')
n8(k—k) k+0

1 k>0)
2r6k’) k=0

=76k + k) + 60k = k) = ( 2 k=0

) = (k) 7 6(k — k') where (k) = (

to dissolve the sum and integral. This then gives
o 00 lo (k' ’2 , ’
Do Jo AR A (K (14 630 Gyr0) 7 Sy 7 tR) TSk = K (& 5 (pp S ) — (2 4 k2) g (K ) =
—4a 1 -
& p 9(p = po).
The sum over m’ and integral over &’ are easy, yielding

AR (1 + 60) ) w2 (L L (p Lomb0 ) — (2 1 42) gk p) = =L L 6(p = po).

p dp & p

Multiply by p and integrate over p from py — € to pg + €, € > 0, and take the limit € — 0 to get

dg,,(k dgu(k
Ap(l) (1 +6p0) w2 po| Lombel | _dealp) | o0

p=po+e p=po—€
From the definition of g,,(k p) this gives

1

Am(k) t(k) (1 + 6;"()) 7T2 pr Bm(k) = % = Am(k) = t(k)(l+(gmo)ﬂ'2 g0k po Bu(k)

Bu(k) = ((Un(kpo) Kin(ka) = In(ka) Kin(kpo) ) (1,(kpo) Kin(kb) — L, (kb) K3, (kpo) ) —
(L(kpo) Kn(ka) — Iy (ka) K, (kpo) ) (In(kpo) Kin(kb) — I,(kb) Ky (kpo) ).

Since both ( 7,,(kp) K,,(ka) — I,,(ka) K,,(kp) ) and ( 1,,,(kp) K,,,(kD) — I,,(kb) K,,,(kp) ) satisfy the same Stiirm—Liou-

ville equation (with p(x) = x) in p we get B,,(k) = z“—ps: To get the constant, which depends on normalization

conventions, use Mathematica:

Inf50]:)= FullSimplify[ (BesselI[m, x] BesselK[m, k a] - BesselI[m, k a] BesselK[m, x])
Ox (BessellI[m, x] BesselK[m, kb] - BesselI[m, kb] BesselK[m, x])
- Ox (BesselI[m, x] BesselK[m, ka] - BesselI[m, k a] BesselK[m, x])
(BesselI[m, x] BesselK[m, kb] - BesselI[m, kb] BesselK[m, x])]

X |-

Out[50]= (BesselI[m, bk] BesselK[m, ak] -Bessell[m, a k] BesselK[m, bk])

Thus we get the simpler form (not necessary, but nice)

1,,(kb) K,,,(ka)—1,,(ka) K,,,(kb
Bm(k) - (kb) ( a]zpo (ka) (kb) .
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To get the induced charge on the inner cylinder we need

271 oo
0P
= _o dod
qa = €0 L:sz;—oo( ap )p:aa paz

So

(27 oo o 00 q 1 ’
qu = LZOL:_mZm:OfO dk WA B cosmpcoskz g, (kayadpdz

N 0 q 2n ’
= fz=-oofo dk T T B 08 kzgytka)adz

_ (™ en’ ,
= fO dk 5L Wm0 gyka) a

— o 4 Timit Loka)
= ¢y imit 3

=q % 1}(11’1(}1:( I(’)(ka) K()(ka) —Io(ka) K()(k(l)) (Lo (kpo) Ko(kb)—1o(kb) Ko(kpo) )

By (k)
I'll not bother with the Wronskian this time.

Inf17]= Oy {BesselI[0, x], BesselK[0, x]}

ou{17}= {BesselI[1l, x], -BesselK[1l, x]}

So using these evaluations of the derivatives, you get

Ga = ¢ - limit( [y (ka) Ko(ka) + To(ka) K (ka) ) A0 R G R

where

Iy(kb) Ko(ka)—Iy(ka) Ky(kb
By(k) = o(kb) Ko( a]gpoo( a) Ko(kb)

Use Mathematica to take the limit.

1
inj54]= BOk = n (BesselI[0, bk] BesselK[0, ak] - BesselI[0, a k] BesselK[0, bk]);
Je)

ms51= Limit [

1
m ((BesselI[l, k a] BesselK[0, ka] + BesselI[0, k a] BesselK][1, ka])

(BesselI[0, k p0] BesselK[0, kb] -
BesselI[0, kb] BesselK[0, kp0])), k- 0] // FullSimplify

00 (Log[b] - Log[p0])
a (Log[a] - Log[b])

Out[55]=

So finally you get a nice answer from the integral representation

)
)

which is just the simple elegant result from the use of Green's reciprocity theorem.

| >

_ log(/f—’o) _ log(
9a= 4 o2y = 79 oy

IS

S

N
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m Problem 2.

2) A conducting sphere of radius @ and charge Q is brought up toward an infinite grounded conducting plane.
As a function of the distance d between the center of the sphere and the plane, the force F attracting the sphere
to the plane, is

2
F= gt 7 1+ K G+ K2 (57 +0(())
a) (8 points) What is the value of K; ?

b) (2 points) What is the value of K, ?
m Solution 2.

Begin graphics

End graphics

Inf21]:= Show[£ig2]

d2 (image Of -qi)

-y2 ® -qgp(image of q)
-y1 ® -di(image of qi)

-yo ® -gp(image of qp)
Out21}= = Graphics =
1

Use images, starting with a charge g( centered in the sphere (so the potential of the sphere is Tror ‘2—0). The

figure shows the first few images. The potential of the plane is zero under the influence of the charge pairs
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(90, —90) » (@1, —=q1), (g2, —q2), ... and similarly the pairs (=qo, q1), (=41, q2), (=42, q23), ... give no contribu-
tion to the potential of the sphere, so it is at the equipotential produced by ¢.

There is no electric field inside the sphere or below the plane, where all of the equivalent point charges lie. The
electric forces act directly in the surface charges on the sphere and plane respectively. If the surface charge
density at a point in a surface is o, then the force on differential area d 4 acting normal on the surface out of the
conductor is ﬁ o= % &0 E2 where E,, is the normal component of the electric field at the surface. It is geomet-
rically easier to integrate this over the upper surface of the flat plate than over the surface of the sphere. New-
ton's third law which electrostatics respects means that we can get the total force on the sphere acting toward the
grounded plate by calculating the total force on the plate. Thus, if p is the distance in the plane from the line
along which the images lie, then

__2 90 Yo q1 )1 9@ V2
En(p) = 2 (e + 2 o)
" drmeo \ (20 T (e2ad”? (R

and so the force acting on the plate directed toward the sphere is (letting p? = &)

0 2
_ 1 4 90 Yo q1 )1 9 V2
F=3¢g 5 ( — + - + o +) 2rpdp
2 0 16m2 &5 \ (p2+12)" P2+ 2 +3)"

0 2

_ 1 1 ( 90 Yo 90 9 )2 )
= = + + +...| dé.
4rey 2 fo € e e ¢

Two types of elementary integrals arise; I'll use Mathematica to do the algebra:

1 © 2 (,2

. Ty

mz2}= Assuming[{y € Reals, y # 0}, — | ———— d§]
2 Jo (£+y?)

q2

out[22]= >
Y

In[23]:= Assuming[{ya € Reals, ya > 0, yb € Reals, yb > 0},

_];2 °° gaya gb yb dl§]
2 2y 3/2 5. 3/2
0 (§&+ya?) (€ + yb?)
Out[23]= %
(ya +yb)

Thus, the force drawing the sphere toward the plane is

F=Fy+F +F,+...

where

Fo= 471150 qO( (2qdo)2 + (qu_lbl)z + (2dq—2b2)2 + )

Fi= e allgh—+ gl + ol +.)
Fr= ool o i)

which is just the force you would write down if the image charges were real point charges located at the images'
places.
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Further, by an elementary application of Gauss's law, the total charge of the sphere is
O=qo+qi+q2+....

From the relations for an image in a sphere we have

91 =490 57, 2 =9 575 —610(20,) hl,cn—qu( ),

& _ a? & 1
bl—ﬁ’b2—2d—bl—ﬁ (a0
1-(37)

If only K is asked for it is easy to see that

2
_ 90 610 2 40 2
F= 47r50 ((Zd)2 +2 2 d)* 2d + O(a )) 4718(, Qdy (1 + O(a ))

and
0 =qo(1 + 55 + 0(@a?))

so that

g5 = O*(1 - 5 + O(a?)).

This gives

— 9q 4 2 2 2
F= e ((23)2 20 S+ 0@) = o (261)2 (1+ 4 +0@))(1 - 4 +0(a?) so that
Kl = 0

To get higher terms, you need to be a bit more systematic. For convenience, set the unit of distance to be d or,
in other words, set d = 1. At the end the quantities with units are trivially recovered.

Keeping terms only to second order in a, we get

2 a S 2

Fo= st % (14 T i 0@ = e S (1 £+ (30 0w
= (-5 (0-%)0-%) =
_ 1 % 1 1 2 1 4 2 3

=g 4 (s 00 1 (54 @ o)

2 2
P g 4 @ e (o) = o £ 0w

2 -7

Adding these you get
F=grm & L (1+a+ 2 4 0()).

Now we need to express it in terms of the given total charge on the sphere, O, rather than in terms of the poten-
tial that the sphere is set to (which is effectively what the charge g represents — go = 4 £y a Cgppere ). From
above
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O=q+q1+q+..
=qo+q0 5 +qo(5 ) e — + 40 O(a)’

=qo(1 + & + (%) +0(a)3)

SO you get

2 _ %

0= (1+5+(5 )+O(a))

= Q(1-2(4 +($)?+0@) +3(4 +(4) + 0@) +0@))
=Q2(1—a 2(4% Y +3(L )+0(a))

=01 —a+ (%) +0@))
Finally then,

F=7" & (1+a+ 25 + 0@P)(1-a+ 4 +0@))

ﬂlgo Q4 (1+a+ —a—a2+i—2+0(a)3)
= 7 2 (1+00)

and we get the result that K} = K, = 0.

It is interesting to work out the next term in the series to see if deviation from the zero order result happens at
this order.

O=qo+q1+q2+q3 ...
=‘J0+‘Jo%+%(%)2rlb_r
2

=qo(1 + 4 + (£ +(£) + 0@)*),

and
95 =
O(1-2(4 + () +(£) + 0@ +3 (& +(£) +(£ + 0@?) —4(% +(£) +(£) +0@*) + 0
= (1 -a+ < + 0@

Check this arithmetic with Mathematica and use it to get the final result.

In[24]:= subs =

a a a a
l1-q0 —, g2->9ql , 93 » g2 , bl —, b2 , b3 > ;
{q 4 2 4 4 2-bl 4 4 2 -b2 2 2-bl 2—b2}
2
a a,? 1 a,s3 1 1 4
Inf25]= q02=1/ 1+—+(—) +(—) +0[a]?| //. subs

2 2 1.-bL 2 1-bL q_ b2
2 2 2

out2s)= 1 -a+0.102941a%+0.0171748a°+0[a]’
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q0
In[26]:= FO = q0 T +

1 2 3
[ K + k. + d //. Subs] +O[a]4]
(2-b1)2  (2-b2)? (2-b3)2
2
out[26]= qg +0.209343g0%a+0.15886q0%a®+0.0566767 g0 a®> +0[a]*
0 1 2 3

Inf27}= F1 = [ql ( d + d + k! + d ] //. subs) +0[a]®

(2-b1)2  (2-2bl)2 (2-bl-b2)? (2-bl-b3)?

outez= 0.209343 q0% a +0.210069g0%a% +0.171029q0% a®>+0[a]’

0 1 2 3
Inf28l= F2 = [q2 ( ki + k. + k. + k. ] //. subs] +0[a]?
(2-b2)? (2-b2-bl)? (2-2b2)2 (2-b2-b3)?

out28)= 0.15886 q0% a® +0.171029 g0 a®>+0[a]*

0 1 2 3
Inf29]= F3 = [q3 ( k! + d + k! + d ] //. subs) +0[a]®
(2-b3)2 (2-b3-bl)?2 (2-b3-b2)2 (2-b3-Db3)2

outpg= 0.0566767 q0% a®+0[a]?

InfBoj= F=F0 +Fl+F2+F3

q0?
4

out[30]= +0.418685q0%a+0.52779 q0% a® + 0.455412 q0% a® +0[a]*

mn31:= Normal@F /. q0% -» q02

out[31]= % +0.168685a+0.13484a%-0.0249841a%>+0[a]?

Thus we get the first non-trivial term in the series expansion of the force as (putting in the dimensioned things)

F=27— 2 (1+ 1740l

47'(8()

Incidentally, we also have an expression for the capacitance (ordinary circuit capacitance) between the sphere
and ground. It is

C= ¢th =4mea q% =dnea(l+ 5 +(55) +(55) +0@?).

m Problem 3.

3) (10 points) A conducting hollow infinitely long cylinder of inside radius a is at zero potential and its axis is
along the z—axis. A circular ring of line charge of radius b < a has a total charge ¢ uniformly distributed along
its perimeter. The charged ring has negligible cross section and so the uniform charge distribution on it may be
represented by suitable Dirac delta functions. The ring lies in the z = 0 plane and is coaxial with the cylinder.
Find the potential everywhere inside the cylinder, expressing the answer in cylindrical coordinates..

Begin graphics
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End graphics

In[37]= Show@CylinderWithRing

RN
6-func ring
Radius b

a
Charge Q ~| Grounded Cylinder
o b 4 padius a
o Long
\

Outf37j= = Graphics =

m Solution 3.

Solution using non-oscillatory functions in the z direction

Since we have azimuthal symmetry and we need a function in p with plenty of zeros to match the boundary
condition at p = a, we choose exponentials in z:

D(p, 2) = X2y An Jo(2) Jolkn £)

where n counts the zeros of the zero'" order Bessel function with Jy(k,) = 0, and
efa z>0

i z<0 )

o |

This satisfies Laplace's equation except at z = 0 where f(z) has a slope discontinuity: Furthermore, it vanishes as

| z] > oo as required.

The charge density is pcharge = % 0(z) 6(p — b) which has the proper charge concentration and the proper total

charge:

[peraree dr = [Zodp [ pde [Z dz 5660 -b) =q.

= Z=—00

To find the values of 4, we must satisfy Poisson's equation:
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2 _ Pcharge o dzﬁ, k, 2 _
VP = - Lbme o, Zn:lA,,( T = () 1) Dotk £) = = 572— 6(2) (p — b).
To dissolve the sum, use the orthogonality of the Bessel functions, Jackson formula 3.95:
2
I o otk £) Jolkn ) dp = 4 Ji(kn)* Sm.

So multiply both sides of the equation above by p Jy(k, %) and integrate over p from 0 to a to get

& f ko 2 2 2 b
An( G = (22) f) & Nilkn) = = 52 62) Jolhim 2).
This says that f;, has a discontinuity in its derivative at z = 0, but is continuous there (were it not continuous,
2
we would have the derivative of a delta function arising from [2'2’2” ). Integrate just over the origin to get
.| dfy d fn a* 2 _ q b
Am 1335{% | - | ) T Jilkn)” = =gy otk 2,
0 Z=€ Z=—€
or
ko k) @ 2 _ 2 _ b
Ap(=2 = 2) S D)’ = = Ay b a Ly (k) = = 57 Jolkn 7).

Solving and putting in the potential gives the potential

P b
- _ 4 © 1 k2| Jotk §) ol )
(I)(p’ 2) = 2neya Zn:l kn e Jilkn) )

To see its behavior, make some plots, using cgs units (if ¢ is measured in cm and ¢ in cgs charge units, then ® is
in statvolts ... 1statvolt = 300Volts).

In[38]:= << NumericalMath BesselZeros'
In[39]= bz = BesselJZeros[0, 100];

In(40]= Shallow@bz
Out[40}/Shallow=
{2.40483, 5.52008, 8.65373, 11.7915, 14.9309,
18.0711, 21.2116, 24.3525, 27.4935, 30.6346, <<90>>}



18 finalph196b2004solutions.nb

inf#1}= Plot[Evaluate|

2 100 1
With[{p=#,a=1,q=1, b= .5}, 4 ZWith[{kn:bz[[n]]}, — @ Rbs[knz/a]
a -~ kn

(BesselJ[0, knp /a] BesselJ[0, knb/a]) /BesselJ[1, kn ]2] &/@
{0, .2, .4}]], {z, -1.5, 1.5}, PlotRange -» {0, 1.75},
PlotStyle » { {RGBColor[1l, 0, 0], Thickness[.008]},
{RGBColor[0, 1, 0], Thickness[.008]}, {RGBColor[0, O, 1], Thickness[.008]}},
PlotLabel -> "Inside the charged ring - p=0,.2,.4",
AxesLabel » {"z", ""}]

Inside the charged ring - p=0,.2,.4
1.75

-1.5 -1 -0.5 0.5 1 1.5

Out/41]= = Graphics =
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inf21= Plot[Evaluate|

2 100 1
With[{p=#,a=1,q=1, b= .5}, 4 ZWith[{kn:bz[[n]]}, — @ Rbs[knz/a]
a -~ kn

(BesselJ[0, knp /a] BesselJ[0, knb/a]) /BesselJ[1, kn ]2] &/@
{.6, .8, 1}]], {z, -1.5, 1.5}, PlotRange » {{-1.5, 1.5}, {0, 1.75}},
PlotStyle » { {RGBColor[1l, 0, 0], Thickness[.008]},
{RGBColor[0, 1, 0], Thickness[.008]}, {RGBColor[0, O, 1], Thickness[.008]}},
PlotLabel -> "Outside the charged ring - p=.6,.8.1",
AxesLabel » {"z", ""}]

Outside the charged ring - p=.6,.8.1
1.75¢

1.5¢

-1.5 -1 -0.5 0.5 1 1.5

Out[42]= = Graphics =

Solution using non-oscillatory functions in the p direction

I did not expect people to choose this solution, but in this case, we get a solution in terms of an integral. The
form is

® = [ A(k) cos kz g(kp) d k

where

Io(kp) (Io(kb) Ko(ka) — Io(ka) Ko(kb)) 0=p<b )

260 = ( 1ok (it Katha) - Lok Kathe) b < p = a

This is constructed from non-oscillatory Bessel functions to be regular at p = 0 (so only the /j function inside
the hoop), to be continuous at p = b, and to vanish at p = a. Of course, since there is no dependence on ¢ only
the zero™ order functions are involved. Now we need

V20 = [CAK) cosk'z (L <L (p LEEL) — k7 g(k' p) d k' = - 57— 6(z) 3(p — b)

Multiply both sides by cos kz and integrate over all z, using
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[T coskzeosk zdz =+ 27 (8(k + k) + 8k — k') + 6(~k + k') + S~k — k"))

Sk—k) k%0 1 k>0
= Ok + k) + 6k — k) = (ﬂ27(r(5(k’)) kio):t(k)ﬂé(k—k’)where =, kZO)
to get
o AW 1) w6k = k) (4 - (p “EEE) — k2 g(K ) A’
= ARy i) 7 (4 5 (o “72) - K2 glkp))
= 2ﬂ6‘,150p 5(p_b)

Integrating over p from b — e to b + €, € > 0, and taking the limit as € —» 0 gives

_ q 1
A(k) = - 2ney tk)mkbGk)

where
G(k) = Io(kb) (Iy(kb) Ko(ka) — Iy(ka) K(kb)) — Iy(kb) (Io(kb) Ko(ka) — Iy(ka) Ko(kD)).

As usual, we use the fact that both /y(kp) and Iy(kp) Ko(ka) — Iy(ka) Ko(kp) satisfy the same Stiirm—Liouville

(91

equation (with p(x) = x) so G(k) = k—zt Evaluate the constant for the functions used in Mathematica:

In[57]= FullSimplify[BesselI[0, x]
((0x BesselI[0, x]) BesselK[0, ka] - BesselI[0, ka] 0,BesselK[0, x])
- (OxBesselI[0, x]) ((BesselI[0, x]) BesselK[O0, ka] -
BesselI[0, ka] BesselK[0, x])]

BesselI[0, a k]
X

out[57]=

So we get the simpler expression
— Doka)
Gy = 252

The result is

— 0 cos kz g(kp)
©=- 27380 o : I[)(liz)p dk
where
athkp) = (Io(k,O) (Io(kb) Ko(ka) — Io(ka) Ko(kb)) 0<p<b )
Io(kb) (Io(kp) Ko(ka) — Io(ka) Ko(kp)) b<p<al

I have dropped the #(k) which is relevant only when there is a concentration at k£ = 0.

nf431= glp_, k_,a_,b_] :=If[p< b, BesselI[0, kp]
(BesselI[0, kb] BesselK[0, ka] - BesselI[0, ka] BesselK[0, kb]), BesselI]|
0, kb] (BesselI[0, k p] BesselK[0, ka] - BesselI[0, k a] BesselK[0, kp])]
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ins8}= Plot[Evaluate[With[{p=#,a=1,q=1, b= .5},
_2_q NIntegrate[ Cosikz] gle, k, a, b]
7T BesselI[0, ka]
{z, -1.5, 1.5}, PlotRange » {0, 1.75},
PlotStyle » {{RGBColor[1l, 0, 0], Thickness[.008]},
{RGBColor[0, 1, 0], Thickness[.008]}, {RGBColor[0, O, 1], Thickness[.008]}},
PlotLabel -> "Inside the charged ring - p=0,.2,.4", AxesLabel » {"z", " "}]

, {k, 0, 20}] &/@ (0, .2, .4}]],

Inside the charged ring - p=0,.2,.4
1.75¢

-1.5 -1 -0.5 0.5 1 1.5
Out[58]= = Graphics =

infeo}= Plot[Evaluate[With[{o=#,a=1,qg=1, b= .5},
—ﬁ NIntegrate[ Coslkzlgle, k, a, bl
7 BesselI[0, k a]
{z, -1.5, 1.5}, PlotRange » {0, 1.75},
PlotStyle » {{RGBColor[1l, 0, 0], Thickness[.008]},
{RGBColor[0, 1, 0], Thickness[.008]}, {RGBColor[0, 0, 1], Thickness[.008]}},
PlotLabel -> "Outside the charged ring - p=0,.2,.4", AxesLabel » {"z", " "}]

, {k, 0,20}] s/@{.6, .8, 1}]],

Outside the charged ring - p=0,.2,.4
1.75¢

1.5¢

-1.5 -1 -0.5 0.5 1 1.5

Ooutf60}= = Graphics =
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More work could be done to improve the numerical evaluations of the integral (Mathematica has various
complaints in its evaluation), but from the above it is quite reasonable that the integral representation of the
potential is the same as the series.

I A Note on Bessel Functions

Several people carried over to Bessel functions a relation that is correct for sinusoids, but not for Bessel func-
tions.

It is familiar with sinusoids that if S(kx) satisfies the sinusoid equation, 0, S + k% S = 0, then so does S(k(x — a))
where a is any constant. In boundary value problems this is often useful when the potential is zero on a bound-
ary at a in a variable along which the solution is sinusoidal. Then instead of writing (4 sin kx + B cos kx) and
solving for 4 and B to get a zero at x = a (4 = @ cos ka, B = —a sin ka) you just write down immediately,

a sin(k(x — a)).

This make it tempting to do a similar thing with Bessel functions. Namely, if m # 0 and you need a zero at

p = a in a cylindrical BC problem for which the Bessel functions J,,(kp) are appropriate, then some people used
Jm(k(p — a)) as a solution. Unfortunately, this function, while zero at p = a, is not a solution of Bessel's equa-
tion. Thus with Bessel functions, you need, in general, to explicitly use both linearly independent solutions of
the 2™ order differential equation, say B,,(kp) and C,,(kp) to construct a soution which vanishes at p = a. It is
very easy to arrange this:

CY(Bm(kP) Cm(ka) - Bm(ka) Cm(kp))
does the job. But this is NOT B,,(k(p — a)), for example.

In the sinusoid case, the differential equation has the symmetry that it is unchanged under the simple transforma-

. . . 2 2 . .
tion x - y = x — a for constant a. The reason is simply that % = L and so the equation in y,

dy
dz;—;’;y) + k> S(ky) = 0 is just the same as that in x. So if S(kx) satisfies the equation in x, then S(ky) = S(k(x — a))
does also.

So let's try it with Bessel's equation, which is

& 99 (09 Bu(kp) = % Bu(kp) + 2 Bu(hkp) = 0,
or

K2 Byy(kp) + £ By, (kp) = 2= By(kp) + K Bukp) =0,

or
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72 7 2
L By + + <L B, (x) = 2 B,(x) + Byu(x) = 0.
dZ

o d d
Under the substitution x - y = x —a we get - = X and —~

= df’%but the differential equation becomes

1 d
y+a dy

7 Buy+a)+ (Buly +a) = 2 By +a) + Bu(y + @) = 0

which is simply another differential equation, not Bessel's. So we see that Bessel functions don't share with
sinusoids a simple, so-called addition formula.

There do exist addition formulas for Bessel functions but we don't need them in this course. See Abramowitz
and Stegun formulas 9.1.75 and 9.1.80 or Gradshteyn and Ryzhik section 8.53.



