
Ph196bEM       Final Exam Solutions  

Mar 24, 2004

à  Problem 1.

1) (10 points) A commonly used particle detector consists of a coaxial arrangement of two long cylindrical 
conductors with a potential difference between them, and with a gas in the contained volume. Ionizing radiation 
creates electron-ion pairs in the gas and these separate, with the positive ion moving toward the negative elec-
trode and the electron, toward the positive one. As the charges move, the amount of charge induced by them on 
the conductors changes, giving rise to a current in the external circuit which maintains the potential between the 
conductors; it is this current that is detected, signalling the ionizing event in the detector.

Suppose the two conducting cylinders have length L, and radii a < b ` L, and that an external battery maintains 
a potential V  between them, the center conductor being positive. If a point charge q is at radius r, a < r < b, 
and it is far from the ends of the detector, what is the induced charge on each of the conductors? (Ignore the 
dielectric constant of the gas.)

Note: If you knew the mobilities of electrons and ions (mobility is the ratio of velocity to electric field) in the 
gas you could work out the current in the external circuit with the results 0f this problem, but you needn't do 
that for this exam.

à Solution 1.

It is convenient (but not necessary) to arrange things as much as possible in a problem in a problem is at ground 
potential. Since we only want induced charges and no potentials in this problem, notice that for this calculation, 
all the conductors can be grounded. Use superposition to get rid of the potential V  – the induced charge on the 
conductors when there is a potential V  between them is the same as the induced charge on them when both are 
grounded.
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Out[2]= h Graphics h

I – Solving by Green's Reciprocity Theorem

Use Green's reciprocity theorem on the following two situations

Begin graphics

end graphics

In[4]:= Show@green

V

Q

-Q

qbq

qa

Primed Unprimed

Out[4]= h Graphics h

So we get

q F£Hr”÷ qL + ⁄i qi Fi
£ = ⁄i qi

£ Fi   fl   q F£Hr”qL + qb V + qa µ 0 = Q µ 0 - Q µ 0 = 0 fl qb = -q F£Hr”qLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅV   

In the primed case, we have from symmetry and Gauss's law 2 p r L Er HrL = - 1ÅÅÅÅÅÅ¶0
 Q  fl   

FHrL = F0 + 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0
 QÅÅÅÅÅÅL  log r.
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We need to adjust constants so that FHaL = 0, and FHbL = V  so it is easy to see that

 FHrL = V logH rÅÅÅÅÅa L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
logI bÅÅÅÅÅa M

and so we find for the induced charge on the outer cylinder

 qb = -q 
logH rÅÅÅÅÅa L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
logI bÅÅÅÅÅa M .

Since an integral of E”÷÷  over a surface contained inside the material of the outer conductor gives zero (since E”÷÷  
=0), we must have

 qa + q + qb = 0            fl      qa = -Hq + qbL = -q 
logI bÅÅÅÅÅr M
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
logI bÅÅÅÅÅa M .     

II – Solving using a two dimensional Green function

Begin by arguing that, for a point charge between the two electrodes, the amount of induced charge is indepen-
dent of the z position of the charge. Thus if we find the amount of charge l£ induced by a given line charge l, 
then the amount of point charge q£ induced by q must satisfy

 q£

ÅÅÅÅÅÅq = l£
ÅÅÅÅÅÅl .

The Green function for a unit line charge 1ÅÅÅÅÅr  dHr - r0L dHjL between two infinitely-long grounded cylinders of 
radii a and b, where  a < r0 < b, is

 G = A0 g0HrL + ⁄m=1
¶ Am cos mj gmHrL

where for m > 0

 gmHrL =
ikjjjjj HH rÅÅÅÅÅa Lm - H rÅÅÅÅÅa L-mL HH r0ÅÅÅÅÅÅÅb Lm - H r0ÅÅÅÅÅÅÅb L-mL a < r < r0HH r0ÅÅÅÅÅÅÅa Lm - H r0ÅÅÅÅÅÅÅa L-mL HH rÅÅÅÅÅb Lm - H rÅÅÅÅÅb L-mL r0 < r < b

y{zzzzz
 and 

 g0HrL =
ikjjjj log rÅÅÅÅÅa  log r0ÅÅÅÅÅÅÅb a < r < r0

log r0ÅÅÅÅÅÅÅa  log rÅÅÅÅÅb r0 < r < b
y{zzzz

The charge on a unit length of the outer cylinder of radius b is

 lb = ¶0 Ÿ-p

p
∑r G »

r=b
b „ j = 2 p ¶0 A0 log r0ÅÅÅÅÅÅÅa

So we only need the constant A0.

To get it, integrate the equation

 “2 G = - 1ÅÅÅÅÅÅÅÅÅÅ¶0 r  dHr - r0L dHjL
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over all j to get 

2 p A0 1ÅÅÅÅÅr  H r g0
£ HrLL£ = - 1ÅÅÅÅÅÅÅÅÅÅ¶0 r  dHr - r0L

and then over the singularity in r giving

 2 p A0 r0

ikjjjjjjjjjg0
£ HrL »

r=r0+e
- g0

£ HrL ƒƒƒƒƒƒƒƒƒƒ
r=r0-e

y{zzzzzzzzz
= 2 p A0 r0Ilog H r0ÅÅÅÅÅÅÅa L 1ÅÅÅÅÅÅÅr0

- logH r0ÅÅÅÅÅÅÅb L 1ÅÅÅÅÅÅÅr0
M

= 2 p A0 logH bÅÅÅÅa L
= - 1ÅÅÅÅÅÅÅ¶0

.

So since qb = q lb (since l = 1) we finally get

 qb = q 2 p ¶0 A0 log r0ÅÅÅÅÅÅÅa = -q 
log r0ÅÅÅÅÅÅÅaÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
logI bÅÅÅÅÅa M

as we got earlier.

III – Solving with 3D Green's Function with non-oscillatory function along z

Another approach, NOT the one I expected people to use, is to go to the trouble of solving the full electrostatic 
problem for the case of a point charge q in the space between two grounded cylinders (the 3D Green's function 
problem). Note that this is not a 2D electrostatics problem because of the z dependence created by the point 
charge. 

Put the point charge at Hr, j, zL = Hr0, 0, 0L for convenience. Since: 

a) the potential must go to zero at infinity, 

b) we are using real exponentials in the z direction,

c) the potential must be single valued and symmetric under j Ø -j so we must have a j dependence of cos mj 
where m = 0, 1, 2, 3, … ,

d) the origin r is not in the volume of interest, we have for the r dependent functions a linear combination of 
the two Bessel functions JmHkrL and YmHkrL .[ Note that Jackson calls the oscillatory Bessel functions which are 
not regular at the origin NmHkrL, but Mathematica uses YmHkrL. I adopt that convention to make evaluation 
easy.] The linear combination and the values of k must be chosen to get zero potentials at both r = a and r = b.

  F =⁄m=0
¶ ⁄n=1

¶ AmnHJmHkmnaL YmHkmn rL - JmHkmn rL YmHkmnaLL cos mj ‰- kmn»z»
where kmn is chosen so that JmHkmnaL YmHkmnbL - JmHkmnbL YmHkmnaL = 0, and the coefficients Amn are chosen so 
Poisson's equation is satisfied. The index n counts the solutions of JmHkmnaL YmHkmnbL - JmHkmnbL YmHkmnaL = 0. 
For convenience, let 
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 fmHkmn rL = JmHkmnaL YmHkmn rL - JmHkmn rL YmHkmnaL.
We need “2 F = - qÅÅÅÅÅÅ¶0

 1ÅÅÅÅÅr  dHr - r0L dHjL dHzL so

 “2 ⁄m=0
¶ ⁄n=1

¶ Amn fmHkmn rL cos mj ‰- kmn»z»
= ⁄m=0

¶ ⁄n=1
¶ Amn fmHkmn rL cos mj Hg££ - kmn

2  gL
= - qÅÅÅÅÅÅ¶0

 1ÅÅÅÅÅr  dHr - r0L dHjL dHzL eq. 1

where g = ‰- kmn»z», the function with a discontinuous slope.

Because both the Bessel functions JmHkmn rL and YmHkmn rL satisfy the Stürm–Liouville equation with the positive 
function "pHxL" = r and the other function "qiHxL" = kmn

2 r - m2
ÅÅÅÅÅÅÅÅr , and so also does their linear combination 

fmnHrL, you get the orthogonality relation

 Ÿa
bHkmn

2 - kmn£
2 Lr fmHkmn rL fmHkmn£ rL „ r =

bH fmHkmnbL fm£ Hkmn£bL - fm£ HkmnbL fmHkmn£bLL - aH fmHkmnaL fm£ Hkmn£aL - fm£ HkmnaL fmHkmn£aLL = 0,
 

for n ∫ n£. This is zero because we have constructed the functions fmHkmn rL and fmHkmn£ rL so that they both 
vanish at both r = a and r = b. For convenience again, let Ÿa

b
r fm2Hkmn rL „ r = mn so that Ÿa

b
r fmHkmn rL fmHkmn£ rL „ r = dnn£  mn. 

We also have the orthogonality relation in the azimuthal angle:  

Ÿ0
2 pcos mj cos m£j „ j =

ikjjjjjjj 0 m ∫ m£

p m > 0 and m = m£

2 p m = 0 and m£ = 0

y{zzzzzzz
= H1 + dm0L p dmm£ .

 

So multiply both sides of eq. 1 with r fm£Hkm£n£ rL cos m£j and integrate over r from a to b and over j from 
0 to 2 p to get

 Am£ n£  m£ n£H1 + dm£0L p Hg££ - km£ n£
2  gL = - qÅÅÅÅÅÅ¶0

 fm£Hkm£ n£  r0L dHzL
Finally integrate over z from -e to +e, e > 0, and take the limit as e -> 0 to get 

Am£ n£  m£ n£H1 + dm£0L p limit
eØ0

e>0

ikjjg£ »
z=e

-g£ »
z=-e

y{zz
= -2 km£ n£  Am£ n£  m£ n£H1 + dm£0L p
= - qÅÅÅÅÅÅ¶0

 fm£Hkm£ n£  r0L.
So we get 

 Amn = qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 H1+dm0L p ¶0
 fmHkmn  r0LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅkmn  mn

 .

The next step is to get the charge density on the cylinder at r = a integrate it over j and z to get qa.
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qa = ¶0‡
j=0

2 p‡
z=-¶

¶ I- ∑FÅÅÅÅÅÅÅÅ∑r M
r=a

 a „ j „ z.

Finally then an opaque answer for the induced charge is

 qa = -2 ¶0 ‚
m=0

¶ ‚
n=1

¶
Amn kmn a HJmHkmnaL Ym

£ HkmnaL - Jm
£ HkmnaL YmHkmnaLL IŸ0

2 pcos mj „ jM H Ÿ0
¶

‰-kmn z „ zL
or

 qa = -q ‚
n=1

¶ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk0 n  0n
a HJ0Hk0naL Y0

£Hk0naL - J0
£Hk0naL Y0Hk0naLL HJ0Hk0naL Y0Hk0n r0L - J0Hk0n r0L Y0Hk0naLL

Since J0Hk rL and Y0Hk rL satisfy the same Stürm–Liouville equation (with pHxL = x) we have 
x HJ0HxL Y0

£HxL - J0
£HxL Y0HxLL = cnst. The value of the constant depends on the normalization of the Bessel func-

tions, so to conform with Mathematica conventions, calculate

In[5]:= FullSimplify@
x HBesselJ@0, xD H∂x BesselY@0, xDL − BesselY@0, xD H∂x BesselJ@0, xDLLD

Out[5]=
2
cccc
π

Thus we get 

 qa = -q 2ÅÅÅÅÅp  ‚
n=1

¶ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk0 n
2  0n

HJ0Hk0naL Y0Hk0n r0L - J0Hk0n r0L Y0Hk0naLL
Numerical comparisons between the series solution and the simple ratio of logs

To make the comparison, we need to have the values of 0n. It,as well as the derivatives, can be evaluated with 
Mathematica, but it does a poor job on the 0n; I'll do it by hand.

Use Abramowitz and Stegun, 11.4.2.

 0n = k0n
2

ÅÅÅÅÅÅÅÅ2  Ib2 HJ0Hk0naL Y0
£Hk0nbL - J0

£Hk0nbL Y0Hk0naLL2
- a2 HJ0Hk0naL Y0

£Hk0naL - J0
£Hk0naL Y0Hk0naLL2M

Find the derivatives.

In[6]:= ∂x8 BesselJ@0, xD, BesselY@0, xD<
Out[6]= 8−BesselJ@1, xD, −BesselY@1, xD<
 0n = k0n

2
ÅÅÅÅÅÅÅÅ2  Ib2 HJ0Hk0naL Y1Hk0nbL - J1Hk0nbL Y0Hk0naLL2

- a2 HJ0Hk0naL Y1Hk0naL - J1Hk0naL Y0Hk0naLL2M
Do a numerical check of this relation. But first we need the zeros of the cylinder function.

In[7]:= << NumericalMath`BesselZeros`
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BesselJYJYZeros[0, l, num] is designed to give the first num zeros of J0HxL Y0Hl xL - J0Hl xL Y0H xL. We want the 
values of k0 n so that J0Hk0naL Y0Hk0nbL - J0Hk0nbL Y0Hk0naL = 0, so let the scale be set by a, i.e., a = 1, and x is 
then k0n and l = b, the outer radius. I choose b êa = 2.

In[48]:= k0n = BesselJYJYZeros@0, 2., 200D;

Check that these k values make the outer cylinder zero potential.

In[9]:= fcylinder@k_, ρ_D :=

BesselJ@0, k D BesselY@0, k ρ D − BesselY@0, k D BesselJ@0, k ρ D

In[10]:= roots = 81, 10, 30, 50, 100<;

In[11]:= fcylinder@k0nP#T, 1D & ê@ roots

Out[11]= 80., 0., 0., 0., 0.<
The inner cylinder is grounded.

In[12]:= fcylinder@k0nP#T, 2D & ê@ roots

Out[12]= 8−1.08247×10−15, 8.67362×10−19, 2.38524×10−17, −2.29851×10−17, 1.74557×10−17<
And so is the outer one. So the values of k0n look good. Now do numerical integrations to get 0n for some 
values of n in order to check the hand evaluation of this integral.

In[13]:= numint = NIntegrateAρ fcylinder@k0nP#T, ρD2, 8ρ, 1, 2<E & ê@ roots;

In[14]:= formula =

i
k
jjj
1
cccc
2

 I22 HBesselJ@0, k0nP#TD BesselY@1, 2 k0nP#TD − BesselJ@1, 2 k0nP#TD BesselY@

0, k0nP#TDL2 − HBesselJ@0, k0nP#TD BesselY@1, k0nP#TD −

BesselJ@1, k0nP#TD BesselY@0, k0nP#TDL2My
{
zzz & ê@ roots;

Now compare the two evaluations.

In[15]:= Transpose@8numint, formula<D êê TableForm
Out[15]//TableForm=

0.0204364 0.0204364
0.000205307 0.000205307
0.0000228131 0.0000228131
8.21277×10−6 8.21277×10−6

2.0532×10−6 2.0532×10−6

The comparison between the hand calculation and the numerical evaluation of the integral looks good, so I have 
confidence that the formula is OK. Now let's check if the long ugly series gives the same result as does the 
elegant Green's reciprocity theorem. Evaluate r = -qa êq using b êa = 2  and values of r0 êa from 1.1 to 1.9. 
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In the table below, the first column gives the r0 êa value, the second comes from numerical evaluation of the 
series, and the third column, from the ratio of logs.  

In[49]:= ModuleA8b = 2., ρ0 = #<, 9ρ0, rseries =

−‚
n=1

200

ModuleA8kn = k0nPnT, cn<, cn = i
k
jjj
1
cccc
2

 Hb2 HBesselJ@0, knD BesselY@1, b knD −

BesselJ@1, b knD BesselY@0, knDL2 − HBesselJ@0, knD 

BesselY@1, knD − BesselJ@1, knD BesselY@0, knDL2Ly
{
zzz;

1
cccccccccccccccc
kn2 cn

 
2
cccc
π

 HBesselJ@0, kn ρ0D BesselY@0, knD −

BesselJ@0, kn D BesselY@0, kn ρ0DLE,
rgreenrecip = Log@bêρ0DêLog@bD=E & ê@ Table@ρ0, 8ρ0,

1.1, 1.9, .1<D êê TableForm
Out[49]//TableForm=

1.1 0.85292 0.862496
1.2 0.732495 0.736966
1.3 0.618749 0.621488
1.4 0.512722 0.514573
1.5 0.413738 0.415037
1.6 0.321014 0.321928
1.7 0.233843 0.234465
1.8 0.151618 0.152003
1.9 0.0738177 0.0740006

This shows that the series is reasonable, but because the result is a log, the convergence is slow. Even 200 terms 
does not give high accuracy.

IV– Solving with 3D Green's Function with non-oscillatory function along r

Again, this is not the way I expected this problem to be attacked, but if one chooses to use oscillatory solutions 
in the z direction to solve the full electrostatics problem, then there is no restriction on the separation constant k. 
So we have a Fourier integral along z and a Fourier series in j. The potential can be represented as

 F = ⁄m=0
¶ Ÿ0

¶
„ k AmHkL cos mj cos kz gmHkrL.

I have chosen cosines because of the symmetry under j Ø -j and z Ø -z.  Similarly, I only need positive 
values of m and k.  The function gmHkrL is constructed out of modified Bessel functions: (Im is regular at the 
origin and Km is singular there)

  gmHkrL = J H ImHkrL KmHkaL - ImHkaL KmHkrL L H ImHkr0L KmHkbL - ImHkbL KmHkr0L L, a § r < r0H ImHkr0L KmHkaL - ImHkaL KmHkr0L L H ImHkrL KmHkbL - ImHkbL KmHkrL L, r0 < r § b
N

The function is constructed to be zero at both r = a and r = b, and to be continuous at r = r0. 

Now we choose AmHkL so that “2 F = - qÅÅÅÅÅÅ¶0
 1ÅÅÅÅÅr  dHr - r0L dHjL dHzL or, with a slight notation change,
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  ‚
m£=0

¶ Ÿ0
¶

„ k£ Am£Hk£L cos m£j cos k£z I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„ r  Ir „gm£ Hk£ rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„ r M - I m£2
ÅÅÅÅÅÅÅÅÅr2 + k£2M gm£Hk£ rLM = - qÅÅÅÅÅÅ¶0

 1ÅÅÅÅÅr  dHr - r0L dHjL dHzL
Multiply both sides by cos mj cos kz, m ¥ 0 and k ¥ 0, and integrate over j from -p to p and over z from -¶ to 
¶. Use the relations

 Ÿ-p

p cos mj cos m£j „ j = H1 + dm0 dm£0L p dmm£  

and, 

 Ÿ-¶

¶ cos k z cos k£ z „ z = 1ÅÅÅÅ4  2 p H dHk + k£L + dHk - k£L + dH-k + k£L + dH-k - k£L L
= p HdHk + k£L + dHk - k£LL = J p dHk - k£L k ∫ 0

2 p dHk£L k = 0
N = tHkL p dHk - k£L where  tHkL = J 1 k > 0

2 k = 0
N

to dissolve the sum and integral. This then gives

  ‚
m£=0

¶ Ÿ0
¶

„ k£ Am£Hk£L H1 + dm0 dm£0L p dmm£ p tHkL p dHk - k£L I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„ r  Ir „gm£ Hk£ rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„ r M - I m£2
ÅÅÅÅÅÅÅÅÅr2 + k£2M gm£Hk£ rLM =

- qÅÅÅÅÅÅ¶0
 1ÅÅÅÅÅr  dHr - r0L.

The sum over m£ and integral over k£ are easy, yielding

 AmHkL H1 + dm0L tHkL p 2 I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„r  Ir „gmHk rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„r M - I m2
ÅÅÅÅÅÅÅÅr2 + k2M gmHk rLM = - qÅÅÅÅÅÅ¶0

 1ÅÅÅÅÅr  dHr - r0L.
Multiply by r and integrate over r from r0 - e to r0 + e, e > 0, and take the limit e Ø 0 to get

 AmHkL H1 + dm0L p 2 r0
ikjjjjj „gmHk rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„r …

r=r0+e

- „gmHk rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„r …
r=r0-e

y{zzzzz = - qÅÅÅÅÅÅ¶0

From the definition of gmHk rL this gives

 AmHkL tHkL H1 + dm0L p 2 k r0 mHkL = - qÅÅÅÅÅÅ¶0
    fl   AmHkL = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅtHkL H1+dm0L p2 ¶0

 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk r0  mHkL   

 mHkL = H H ImHkr0L KmHkaL - ImHkaL KmHkr0L L H Im
£ Hkr0L KmHkbL - ImHkbL Km

£ Hkr0L L -H Im
£ Hkr0L KmHkaL - ImHkaL Km

£ Hkr0L L H ImHkr0L KmHkbL - ImHkbL KmHkr0L LL.
Since both H ImHkrL KmHkaL - ImHkaL KmHkrL L and H ImHkrL KmHkbL - ImHkbL KmHkrL L satisfy the same Stürm–Liou-
ville equation (with pHxL = x) in r we get mHkL = cnstÅÅÅÅÅÅÅÅÅÅk r0

. To get the constant, which depends on normalization 
conventions, use Mathematica:

In[50]:= FullSimplify@HBesselI@m, xD BesselK@m, k aD − BesselI@m, k aD BesselK@m, xDL 

∂x HBesselI@m, xD BesselK@m, k bD − BesselI@m, k bD BesselK@m, xDL
− ∂xHBesselI@m, xD BesselK@m, k aD − BesselI@m, k aD BesselK@m, xDL 

HBesselI@m, xD BesselK@m, k bD − BesselI@m, k bD BesselK@m, xDLD

Out[50]=
1
ccccx  HBesselI@m, b kD BesselK@m, a kD − BesselI@m, a kD BesselK@m, b kDL

Thus we get the simpler form (not necessary, but nice)

 mHkL = ImHkbL KmHkaL-ImHkaL KmHkbLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk r0
.
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To get the induced charge on the inner cylinder we need

qa = ¶0 ‡
j=0

2 p‡
z=-¶

¶ I- ∑FÅÅÅÅÅÅÅÅ∑r M
r=a

 a „ j „ z

So

 qa = Ÿj=0
2 p Ÿz=-¶

¶ ‚
m=0

¶ Ÿ0
¶

„ k qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅtHkL H1+dm0L p2  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅr0  mHkL  cos mj cos kz gm
£ HkaL a „ j „ z

= Ÿz=-¶

¶ Ÿ0
¶

„ k qÅÅÅÅÅÅÅÅÅÅÅ2 p2  2 pÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅtHkL r0  0HkL cos kz g0
£ HkaL a „ z

= Ÿ0
¶

„ k qÅÅÅÅÅÅÅÅÅÅÅ2 p2  H2 pL2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅtHkL r0  0HkL dHkL g0

£ HkaL a

= q aÅÅÅÅÅÅÅr0
 limit

kØ0
 g0

£ HkaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
0HkL

= q aÅÅÅÅÅÅÅr0
 limit

kØ0
H I0

£HkaL K0HkaL - I0HkaL K0
£HkaL L H I0Hkr0L K0HkbL-I0HkbL K0Hkr0L LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

0HkL
I'll not bother with the Wronskian this time.

In[17]:= ∂x 8BesselI@0, xD, BesselK@0, xD<
Out[17]= 8BesselI@1, xD, −BesselK@1, xD<
So using these evaluations of the derivatives, you get

 qa = q aÅÅÅÅÅÅÅr0
 limit

kØ0
H I1HkaL K0HkaL + I0HkaL K1HkaL L H I0Hkr0L K0HkbL-I0HkbL K0Hkr0L LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

0HkL
where

 0HkL = I0HkbL K0HkaL-I0HkaL K0HkbLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk r0

Use Mathematica to take the limit.

In[54]:= B0k =
1

ccccccccccc
k ρ0

 HBesselI@0, b kD BesselK@0, a kD − BesselI@0, a kD BesselK@0, b kDL;

In[55]:= LimitA
1

cccccccccc
B0k

 HHBesselI@1, k aD BesselK@0, k aD + BesselI@0, k aD BesselK@1, k aDL 

HBesselI@0, k ρ0D BesselK@0, k bD −

BesselI@0, k bD BesselK@0, k ρ0DLL, k → 0E êê FullSimplify

Out[55]=
ρ0 HLog@bD − Log@ρ0DL
cccccccccccccccccccccccccccccccccccccccccccccccccccccccca HLog@aD − Log@bDL

So finally you get a nice answer from the integral representation

 qa = q
logI bÅÅÅÅÅÅÅr0

M
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅlogH aÅÅÅÅÅb L = -q 

logI bÅÅÅÅÅÅÅr0
M

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
logI bÅÅÅÅÅa M

which is just the simple elegant result from the use of Green's reciprocity theorem.
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à  Problem 2.

2)  A conducting sphere of radius a and charge Q is brought up toward an infinite grounded conducting plane. 
As a function of the distance d between the center of the sphere and the plane, the force F attracting the sphere 
to the plane,  is  

 F = Q2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

 1ÅÅÅÅÅÅÅÅÅÅ4 d2  I1 + K1
aÅÅÅÅÅd + K2 H aÅÅÅÅÅd L2 + IH aÅÅÅÅÅd L3MM

a) (8 points) What is the value of K1 ?

b) (2 points) What is the value of K2 ?

à Solution 2.

Begin graphics

End graphics

In[21]:= Show@fig2D

q0y0=d

q1Himage of −q0Ly1=d−b1 q2Himage of −q1Ly2=d−b2

−q0Himage of q0L
−q1Himage of q1L−q2Himage of q2L

−y0

−y1
−y2

Out[21]= h Graphics h

Use images, starting with a charge q0 centered in the sphere (so the potential of the sphere is 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0ÅÅÅÅÅÅÅa ).  The 

figure shows the first few images. The potential of the plane is zero under the influence of the charge pairs 
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Hq0, -q0L , Hq1, -q1L, Hq2, -q2L, … and similarly the pairs H-q0, q1L , H-q1, q2L, H-q2, q23L, … give no contribu-
tion to the potential of the sphere, so it is at the equipotential produced by q0. 

There is no electric field inside the sphere or below the plane, where all of the equivalent point charges lie. The 
electric forces act directly in the surface charges on the sphere and plane respectively. If the surface charge 
density at a point in a surface is s, then the force on differential area „ A acting normal on the surface out of the 
conductor is 1ÅÅÅÅÅÅÅÅÅÅ2 ¶0

 s2 = 1ÅÅÅÅ2  ¶0 En
2 where En is the normal component of the electric field at the surface. It is geomet-

rically easier to integrate this over the upper surface of the flat plate than over the surface of the sphere. New-
ton's third law which electrostatics respects means that we can get the total force on the sphere acting toward the 
grounded plate by calculating the total force on the plate. Thus, if r is the distance in the plane from the line 
along which the images lie, then 

 EnHrL = 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 J q0 y0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2+y0

2L3ê2 + q1 y1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2+y1
2L3ê2 + q2 y2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2+y2

2L3ê2 + …N
and so the force acting on the plate directed toward the sphere is (letting r2 = x)

 F = 1ÅÅÅÅ2  ¶0 ‡
0

¶
4ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ16 p2 ¶0

2  J q0 y0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2+y0
2L3ê2 + q1 y1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2+y1

2L3ê2 + q2 y2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHr2+y2
2L3ê2 + …N2

 2 p r „ r

= 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 1ÅÅÅÅ2  ‡

0

¶J q0 y0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx+y0
2L3ê2 + q1 y1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx+y1

2L3ê2 + q2 y2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHx+y2
2L3ê2 + …N2

„ x.

Two types of elementary integrals arise; I'll use Mathematica  to do the algebra:

In[22]:= AssumingA8y ∈ Reals, y ≠ 0<, 1
cccc
2

 ‡
0

∞ q2 y2
cccccccccccccccccccccc
Hξ + y2L3

 ÅξE

Out[22]=
q2

ccccccccccc4 y2

In[23]:= AssumingA8ya ∈ Reals, ya > 0, yb ∈ Reals, yb > 0<,
1
cccc
2

 2 ‡
0

∞ qa ya
ccccccccccccccccccccccccccccc
Hξ + ya2L3ê2

 
qb yb

ccccccccccccccccccccccccccccc
Hξ + yb2L3ê2

 ÅξE

Out[23]=
2 qa qb

ccccccccccccccccccccccccccHya + ybL2
Thus, the force drawing the sphere toward the plane  is

 F = F0 + F1 + F2 + …

where

 F0 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0I q0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2 + q1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-b1L2 + q2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-b2L2 + …M

 F1 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q1I q0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-b1L2 + q1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-2 b1L2 + q2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-b1-b2L2 + …M

 F2 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q2I q0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-b2L2 + q1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-b1-b2L2 + q2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 d-2 b2L2 + …M

which is just the force you would write down if the image charges were real point charges located at the images' 
places.
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Further, by an elementary application of Gauss's law,  the total charge of the sphere is

 Q = q0 + q1 + q2 + ….

From the relations for an image in a sphere we have

 q1 = q0 aÅÅÅÅÅÅÅÅ2 d , q2 = q1 aÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 d-b1
= q0H aÅÅÅÅÅÅÅÅ2 d L2 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1- b1ÅÅÅÅÅÅÅÅÅ2 d
, q3 = q0 OH aÅÅÅÅÅd L3,

b1 = a2
ÅÅÅÅÅÅÅÅ2 d , b2 = a2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 d-b1
= a2

ÅÅÅÅÅÅÅÅ2 d  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
1-H aÅÅÅÅÅÅÅÅÅ2 d L2 , …

If only K1 is asked for it is easy to see that 

F = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 I q0

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2 + 2 q0

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2  aÅÅÅÅÅÅÅÅ2 d + OHa2LM = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

 q0
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2  H1 + aÅÅÅÅÅd + OHa2LL 
and 

Q = q0H1 + aÅÅÅÅÅÅÅÅ2 d + OHa2LL 
so that

q0
2 = Q2H1 - aÅÅÅÅÅd + OHa2LL.

This gives 

 F = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 I q0

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2 + 2 q0

2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2  aÅÅÅÅÅÅÅÅ2 d + OHa2LM = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

 Q2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 dL2  H1 + aÅÅÅÅÅd + OHa2LLH1 - aÅÅÅÅÅd + OHa2LL so that 

 K1 = 0.

To get higher terms, you need to be a bit more systematic. For convenience, set the unit of distance to be d or, 
in other words, set d = 1. At the end the quantities with units are trivially recovered. 

Keeping terms only to second order in a, we get

 F0 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0

2
ÅÅÅÅÅÅÅ4  

ikjjj1 +
aÅÅÅÅÅ2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI1- b1ÅÅÅÅÅÅÅ2 M2 +

H aÅÅÅÅÅ2 L2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI1- b1ÅÅÅÅÅÅÅ2 M I1- b2ÅÅÅÅÅÅÅ2 M2 + OHaL3y{zzz = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0

2
ÅÅÅÅÅÅÅ4  I1 + aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + OHaL3M

 F1 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0

2
ÅÅÅÅÅÅÅ4  aÅÅÅÅ2  

ikjjj 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI1- b1ÅÅÅÅÅÅÅ2 M2 + aÅÅÅÅ2  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH1-b1L2 + OHaL2y{zzz = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0

2
ÅÅÅÅÅÅÅ4  I aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + OHaL3M

 F2 = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0

2
ÅÅÅÅÅÅÅ4  H aÅÅÅÅ2 L2 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1- b1ÅÅÅÅÅÅÅ2
 
ikjjj 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI1- b2ÅÅÅÅÅÅÅ2 M2 + OHaLy{zzz = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

 q0
2

ÅÅÅÅÅÅÅ4  H aÅÅÅÅ2 L2 + OHaL3

Adding these you get

 F = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 q0

2
ÅÅÅÅÅÅÅ4  I1 + a + 3 a2

ÅÅÅÅÅÅÅÅÅÅ4 + OHaL3M.
Now we need to express it in terms of the given total charge on the sphere, Q, rather than in terms of the poten-
tial that the sphere is set to (which is effectively what the charge q0 represents – q0 = 4 p ¶0 a Fsphere ). From 
above
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 Q = q0 + q1 + q2 + …
= q0 + q0 aÅÅÅÅ2 + q0H aÅÅÅÅ2 L2 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1- b1ÅÅÅÅÅÅÅ2
+ q0 OHaL3

= q0I1 + aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + OHaL3M
so you get

 q0
2 = Q2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI1+ aÅÅÅÅÅ2 +H aÅÅÅÅÅ2 L2+OHaL3M2

= Q2J1 - 2 I aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + OHaL3M + 3 I aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + OHaL3M2 + OHaL3N
= Q2I1 - a - 2 H aÅÅÅÅ2 L2 + 3 H aÅÅÅÅ2 L2 + OHaL3M
= Q2I1 - a + H aÅÅÅÅ2 L2 + OHaL3M

Finally then, 

 F = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 Q2
ÅÅÅÅÅÅÅÅ4  I1 + a + 3 a2

ÅÅÅÅÅÅÅÅÅÅ4 + OHaL3M I1 - a + a2
ÅÅÅÅÅÅÅ4 + OHaL3M

= 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 Q2
ÅÅÅÅÅÅÅÅ4  I1 + a + 3 a2

ÅÅÅÅÅÅÅÅÅÅ4 - a - a2 + a2
ÅÅÅÅÅÅÅ4 + OHaL3M

= 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 Q2
ÅÅÅÅÅÅÅÅ4  H1 + OHaL3L

and we get the result that K1 = K2 = 0. 

It is interesting to work out the next term in the series to see if deviation from the zeroth order result happens at 
this order.

 Q = q0 + q1 + q2 + q3 …
= q0 + q0 aÅÅÅÅ2 + q0H aÅÅÅÅ2 L2 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1- b1ÅÅÅÅÅÅÅ2
+ q0H aÅÅÅÅ2 L3 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1- b1ÅÅÅÅÅÅÅ2
 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1- b2ÅÅÅÅÅÅÅ2
+ q0 OHaL4

= q0I1 + aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + H aÅÅÅÅ2 L3 + OHaL4M,
and

 q0
2 =

Q2J1 - 2 I aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + H aÅÅÅÅ2 L3 + OHaL4M + 3 I aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + H aÅÅÅÅ2 L3 + OHaL4M2 - 4 I aÅÅÅÅ2 + H aÅÅÅÅ2 L2 + H aÅÅÅÅ2 L3 + OHaL4M3 + OHaL4N
= Q2I1 - a + a2

ÅÅÅÅÅÅÅ4 + OHaL4M
Check this arithmetic with Mathematica and use it to get the final result.

In[24]:= subs =

9q1 → q0 
a
cccc
2
, q2 → q1 

a
ccccccccccccccc
2 − b1

, q3 → q2
a

ccccccccccccccc
2 − b2

, b1 →
a2
ccccccc
2
, b2 →

a2
ccccccccccccccc
2 − b1

, b3 →
a2

ccccccccccccccc
2 − b2

=;

In[25]:= q02 = 1 ì
i

k
jjjjjj1 +

a
cccc
2

+ J a
cccc
2
N
2
 

1
cccccccccccccccc
1 − b1cccccc

2

+ J a
cccc
2
N
3
 

1
cccccccccccccccc
1 − b1cccccc

2

 
1

cccccccccccccccc
1 − b2cccccc

2

+ O@aD4
y

{
zzzzzz

2

êê. subs

Out[25]= 1 − a + 0.102941 a2 + 0.0171748 a3 + O@aD4
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In[26]:= F0 = q0 
i
k
jjjj
q0
ccccccc
4

+

i
k
jjjj

q1
ccccccccccccccccccccccc
H2 − b1L2

+
q2

ccccccccccccccccccccccc
H2 − b2L2

+
q3

ccccccccccccccccccccccc
H2 − b3L2

êê. subsy
{
zzzz + O@aD4y

{
zzzz

Out[26]=
q02
ccccccccc4 + 0.209343 q02 a + 0.15886 q02 a2 + 0.0566767 q02 a3 + O@aD4

In[27]:= F1 =
i
k
jjjjq1 

i
k
jjjj

q0
ccccccccccccccccccccccc
H2 − b1L2

+
q1

ccccccccccccccccccccccccccc
H2 − 2 b1L2

+
q2

cccccccccccccccccccccccccccccccccc
H2 − b1 − b2L2

+
q3

cccccccccccccccccccccccccccccccccc
H2 − b1 − b3L2

y
{
zzzz êê. subs

y
{
zzzz + O@aD4

Out[27]= 0.209343 q02 a + 0.210069 q02 a2 + 0.171029 q02 a3 + O@aD4
In[28]:= F2 =

i
k
jjjjq2 

i
k
jjjj

q0
ccccccccccccccccccccccc
H2 − b2L2

+
q1

cccccccccccccccccccccccccccccccccc
H2 − b2 − b1L2

+
q2

ccccccccccccccccccccccccccc
H2 − 2 b2L2

+
q3

cccccccccccccccccccccccccccccccccc
H2 − b2 − b3L2

y
{
zzzz êê. subs

y
{
zzzz + O@aD4

Out[28]= 0.15886 q02 a2 + 0.171029 q02 a3 + O@aD4
In[29]:= F3 =

i
k
jjjjq3 

i
k
jjjj

q0
ccccccccccccccccccccccc
H2 − b3L2

+
q1

cccccccccccccccccccccccccccccccccc
H2 − b3 − b1L2

+
q2

cccccccccccccccccccccccccccccccccc
H2 − b3 − b2L2

+
q3

cccccccccccccccccccccccccccccccccc
H2 − b3 − b3L2

y
{
zzzz êê. subs

y
{
zzzz + O@aD4

Out[29]= 0.0566767 q02 a3 + O@aD4
In[30]:= F = F0 + F1 + F2 + F3

Out[30]=
q02
ccccccccc4 + 0.418685 q02 a + 0.52779 q02 a2 + 0.455412 q02 a3 + O@aD4

In[31]:= Normal@F ê. q02 → q02

Out[31]=
1
cccc4 + 0.168685 a + 0.13484 a2 − 0.0249841 a3 + O@aD4

Thus we get the first non-trivial term in the series expansion of the force as (putting in the dimensioned things)

 F = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
 Q2
ÅÅÅÅÅÅÅÅ4 d  I1 + 1ÅÅÅÅ2  H aÅÅÅÅÅd L3 + O@aD4M.

Incidentally, we also have an expression for the capacitance (ordinary circuit capacitance) between the sphere 
and ground. It is

 C = QÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅFsphere
=4 p ¶0 a QÅÅÅÅÅÅÅq0

= 4 p ¶0 a I1 + aÅÅÅÅÅÅÅÅ2 d + H aÅÅÅÅÅÅÅÅ2 d L2 + H aÅÅÅÅÅÅÅÅ2 d L3 + OHaL4M. 
à  Problem 3.

3) (10 points) A conducting hollow infinitely long cylinder of inside radius a is at zero potential and its axis is 
along the z–axis. A circular ring of line charge of radius b < a has a total charge q uniformly distributed along 
its perimeter. The charged ring has negligible cross section and so the uniform charge distribution on it may be 
represented by suitable Dirac delta functions. The ring lies in the z = 0 plane and is coaxial with the cylinder. 
Find the potential everywhere inside the cylinder, expressing the answer in cylindrical coordinates..

Begin graphics
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End graphics

In[37]:= Show@CylinderWithRing

x
y

z

Grounded Cylinder
Radius a
±∞ Long

δ−func ring
Radius b
Charge Q

b

a

Out[37]= h Graphics h

à Solution 3.

Solution using non-oscillatory functions in the z direction 

Since we have azimuthal symmetry and we need a function in r with plenty of zeros to match the boundary 
condition at r = a, we choose exponentials in z:

 FHr, zL = ⁄n=1
¶ An fnHzL J0Hkn rÅÅÅÅÅa L

where n counts the zeros of the zeroth order Bessel function with  J0HknL = 0, and

 fnHzL =
ikjjjj ‰-kn  zÅÅÅÅÅa z > 0

‰kn  zÅÅÅÅÅa z < 0
y{zzzz.

This satisfies Laplace's equation except at z = 0 where f(z) has a slope discontinuity: Furthermore, it vanishes as » z » Ø ¶ as required. 

The charge density is rcharge = qÅÅÅÅÅÅÅÅÅÅÅÅ2 p r  dHzL dHr - bL which has the proper charge concentration and the proper total 
charge: Ÿ rcharge „3 r = Ÿr=0

¶
„ r Ÿj=0

2 p
r „ j Ÿz=-¶

¶
„ z qÅÅÅÅÅÅÅÅÅÅÅÅ2 p r  dHzL dHr - bL = q.

To find the values of An we must satisfy Poisson's equation:
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 “2 F = - rchargeÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ¶0
  fl    ‚

n=1

¶
AnI „2 fnÅÅÅÅÅÅÅÅÅÅÅÅ„z2 - I knÅÅÅÅÅÅa M2

 fnM J0Hkn rÅÅÅÅÅa L = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0  r  dHzL dHr - bL.
To dissolve the sum, use the orthogonality of the Bessel functions, Jackson formula 3.95:

 Ÿ0
a

r J0Hkn rÅÅÅÅÅa L J0Hkm rÅÅÅÅÅa L „ r = a2
ÅÅÅÅÅÅÅ2  J1HkmL2  dnm.

So multiply both sides of the equation above by r J0Hkm rÅÅÅÅÅa L and integrate over r from 0 to a to get 

 AmI „2 fmÅÅÅÅÅÅÅÅÅÅÅÅ„z2 - I kmÅÅÅÅÅÅÅa M2 fmM a2
ÅÅÅÅÅÅÅ2  J1HkmL2 = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0

 dHzL J0Hkm bÅÅÅÅa L.
This says that fm has a discontinuity in its derivative at z = 0, but is continuous there (were it not continuous, 
we would have the derivative of a delta function arising from „2 fmÅÅÅÅÅÅÅÅÅÅÅÅ„z2 ). Integrate just over the origin to get

 Am limit
eØ0

e>0

ikjjjj „ fmÅÅÅÅÅÅÅÅÅÅ„z …
z=e

- „ fmÅÅÅÅÅÅÅÅÅÅ„z …
z=-e

y{zzzz a2
ÅÅÅÅÅÅÅ2  J1HkmL2 = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0

J0Hkm bÅÅÅÅa L,
or

  AmI- kmÅÅÅÅÅÅÅa - kmÅÅÅÅÅÅÅa M a2
ÅÅÅÅÅÅÅ2  J1HkmL2 = -Am km a J1HkmL2 = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0

J0Hkm bÅÅÅÅa L.
Solving and putting in the potential gives the potential

 FHr, zL = qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0  a  ‚
n=1

¶ 1ÅÅÅÅÅÅkn
 ‰-kn» zÅÅÅÅÅa » J0Hkn  rÅÅÅÅÅa L J0Ikn  bÅÅÅÅÅa M

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
J1HknL2 .

To see its behavior, make some plots, using cgs units (if a is measured in cm and q in cgs charge units, then F is 
in statvolts ... 1statvolt = 300Volts).

In[38]:= << NumericalMath`BesselZeros`

In[39]:= bz = BesselJZeros@0, 100D;

In[40]:= Shallow@bz

Out[40]//Shallow=82.40483, 5.52008, 8.65373, 11.7915, 14.9309,
18.0711, 21.2116, 24.3525, 27.4935, 30.6346, i90j<
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In[41]:= PlotAEvaluateA

WithA8ρ = #, a = 1, q = 1, b = .5<, 2 q
cccccccc
a

 ‚
n=1

100

WithA8kn = bzPnT<, 1
ccccccc
kn

 Æ−Abs@kn zêaD 

HBesselJ@0, kn ρêaD BesselJ@0, kn bêaDLêBesselJ@1, kn D2E & ê@

80, .2, .4<EE, 8z, −1.5, 1.5<, PlotRange → 80, 1.75<,
PlotStyle → 88RGBColor@1, 0, 0D, Thickness@.008D<,
8RGBColor@0, 1, 0D, Thickness@.008D<, 8RGBColor@0, 0, 1D, Thickness@.008D<<,

PlotLabel −> "Inside the charged ring – ρ=0,.2,.4",
AxesLabel → 8"z", ""<E

-1.5 -1 -0.5 0.5 1 1.5 z
0.25
0.5

0.75
1

1.25

1.5
1.75

Inside the charged ring – ρ=0,.2,.4

Out[41]= h Graphics h
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In[42]:= PlotAEvaluateA

WithA8ρ = #, a = 1, q = 1, b = .5<, 2 q
cccccccc
a

 ‚
n=1

100

WithA8kn = bzPnT<, 1
ccccccc
kn

 Æ−Abs@kn zêaD 

HBesselJ@0, kn ρêaD BesselJ@0, kn bêaDLêBesselJ@1, kn D2E & ê@

8.6, .8, 1<EE, 8z, −1.5, 1.5<, PlotRange → 88−1.5, 1.5<, 80, 1.75<<,
PlotStyle → 88RGBColor@1, 0, 0D, Thickness@.008D<,
8RGBColor@0, 1, 0D, Thickness@.008D<, 8RGBColor@0, 0, 1D, Thickness@.008D<<,

PlotLabel −> "Outside the charged ring – ρ=.6,.8.1",
AxesLabel → 8"z", ""<E

-1.5 -1 -0.5 0.5 1 1.5z
0.25
0.5

0.75
1

1.25

1.5
1.75

Outside the charged ring – ρ=.6,.8.1

Out[42]= h Graphics h

Solution using non-oscillatory functions in the r direction 

I did not expect people to choose this solution, but in this case, we get a solution in terms of an integral. The 
form is

 F = Ÿ0
¶AHkL cos kz gHkrL „ k

where 

 gHkrL = J I0HkrL HI0HkbL K0HkaL - I0HkaL K0HkbLL 0 § r < b
I0HkbL HI0HkrL K0HkaL - I0HkaL K0HkrLL b < r § a N.

This is constructed from non-oscillatory Bessel functions to be regular at r = 0 (so only the I0 function inside 
the hoop), to be continuous at r = b, and to vanish at r = a. Of course, since there is no dependence on j only 
the zeroth order functions are involved. Now we need

 “2 F = Ÿ0
¶AHk£L cos k£z I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„ r  Ir „gHk£ rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„r M - k£2 gHk£ rLM „ k£ = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0  r  dHzL dHr - bL 

Multiply both sides by cos kz and integrate over all z, using
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 Ÿ-¶

¶ cos k z cos k£ z „ z = 1ÅÅÅÅ4  2 p H dHk + k£L + dHk - k£L + dH-k + k£L + dH-k - k£L L
= p HdHk + k£L + dHk - k£LL = J p dHk - k£L k ∫ 0

2 p dHk£L k = 0
N = tHkL p dHk - k£L where  tHkL = J 1 k > 0

2 k = 0
N

to get

 Ÿ0
¶AHk£L tHkL p dHk - k£L I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„r  Ir „gHk£ rLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„ r M - k£2 gHk£ rLM „ k£

= AHkL tHkL p I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„ r  Ir „gHkrLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„r M - k2 gHkrLM
= - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0  r dHr - bL

Integrating over r from b - e to b + e, e > 0, and taking the limit as e Ø 0 gives

 AHkL = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p ¶0

1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅtHkL p k b GHkL
where

 GHkL = I0HkbL HI0
£HkbL K0HkaL - I0HkaL K0

£HkbLL - I0
£HkbL HI0HkbL K0HkaL - I0HkaL K0HkbLL.

As usual, we use the fact that both I0HkrL and I0HkrL K0HkaL - I0HkaL K0HkrL satisfy the same Stürm–Liouville 
equation (with pHxL = x) so GHkL = cnstÅÅÅÅÅÅÅÅÅÅk b . Evaluate the constant for the functions used in Mathematica: 

In[57]:= FullSimplify@BesselI@0, xD 

HH∂x BesselI@0, xDL BesselK@0, k aD − BesselI@0, k aD ∂x BesselK@0, xDL
− H∂x BesselI@0, xDL HH BesselI@0, xDL BesselK@0, k aD −

BesselI@0, k aD BesselK@0, xDLD

Out[57]=
BesselI@0, a kD
cccccccccccccccccccccccccccccccccccccccccx

So we get the simpler expression

 GHkL = I0HkaLÅÅÅÅÅÅÅÅÅÅÅÅÅÅk b .

The result is

 F = - qÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p2 ¶0
 Ÿ0

¶ cos kz gHkrLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI0HkaL  „ k 

where 

 gHkrL = J I0HkrL HI0HkbL K0HkaL - I0HkaL K0HkbLL 0 § r < b
I0HkbL HI0HkrL K0HkaL - I0HkaL K0HkrLL b < r § a N.

I have dropped the tHkL which is relevant only when there is a concentration at k = 0.

In[43]:= g@ρ_, k_, a_, b_D := If@ρ < b, BesselI@0, k ρD 

HBesselI@0, k bD BesselK@0, k aD − BesselI@0, k aD BesselK@0, k bDL, BesselI@
0, k bD HBesselI@0, k ρD BesselK@0, k aD − BesselI@0, k aD BesselK@0, k ρDLD
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In[58]:= PlotAEvaluateAWithA8ρ = #, a = 1, q = 1, b = .5<,

−
2 q
cccccccc
π

 NIntegrateA Cos@k zD g@ρ, k, a, bD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

BesselI@0, k aD
, 8k, 0, 20<E & ê@ 80, .2, .4<EE,

8z, −1.5, 1.5<, PlotRange → 80, 1.75<,
PlotStyle → 88RGBColor@1, 0, 0D, Thickness@.008D<,
8RGBColor@0, 1, 0D, Thickness@.008D<, 8RGBColor@0, 0, 1D, Thickness@.008D<<,

PlotLabel −> "Inside the charged ring – ρ=0,.2,.4", AxesLabel → 8"z", ""<E
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0.25
0.5
0.75
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1.25
1.5
1.75

Inside the charged ring – ρ=0,.2,.4

Out[58]= h Graphics h

In[60]:= PlotAEvaluateAWithA8ρ = #, a = 1, q = 1, b = .5<,

−
2 q
cccccccc
π

 NIntegrateA Cos@k zD g@ρ, k, a, bD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

BesselI@0, k aD
, 8k, 0, 20<E & ê@ 8.6, .8, 1<EE,

8z, −1.5, 1.5<, PlotRange → 80, 1.75<,
PlotStyle → 88RGBColor@1, 0, 0D, Thickness@.008D<,
8RGBColor@0, 1, 0D, Thickness@.008D<, 8RGBColor@0, 0, 1D, Thickness@.008D<<,

PlotLabel −> "Outside the charged ring – ρ=0,.2,.4", AxesLabel → 8"z", ""<E
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Outside the charged ring – ρ=0,.2,.4

Out[60]= h Graphics h
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More work could be done to improve the numerical evaluations of the integral (Mathematica has various 
complaints in its evaluation), but from the above it is quite reasonable that the integral representation of the 
potential is the same as the series. 

A Note on Bessel Functions

Several people carried over to Bessel functions a relation that is correct for sinusoids, but not for Bessel func-
tions. 

It is familiar with sinusoids that if SHkxL satisfies the sinusoid equation, ∑x,x S + k2 S = 0, then so does SHkHx - aLL 
where a is any constant. In boundary value problems this is often useful when the potential is zero on a bound-
ary at a in a variable along which the solution is sinusoidal. Then instead of writing HA sin kx + B cos kxL and 
solving for A and B to get a zero at x = a  (A = a cos ka, B = -a sin ka) you just write down immediately, 
a sinHkHx - aLL. 
This make it tempting to do a similar thing with Bessel functions. Namely, if m ∫ 0 and you need a zero at 
r = a in a cylindrical BC problem for which the Bessel functions JmHkrL are appropriate, then some people used 
JmHkHr - aLL as a solution. Unfortunately, this function, while zero at r = a, is not a solution of Bessel's equa-
tion. Thus with Bessel functions, you need, in general, to explicitly use both linearly independent solutions of 
the 2nd order differential equation, say BmHkrL and CmHkrL to construct a soution which vanishes at r = a. It is 
very easy to arrange this:

 aHBmHkrL CmHkaL - BmHkaL CmHkrLL
does the job. But this is NOT BmHkHr - aLL, for example.

In the sinusoid case, the differential equation has the symmetry that it is unchanged under the simple transforma-
tion x Ø y = x - a for constant a. The reason is simply that „2

ÅÅÅÅÅÅÅÅÅÅ„x2 = „2
ÅÅÅÅÅÅÅÅÅÅ„y2  and so the equation in y, 

„2SHkyLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ„ y2 + k2 SHkyL = 0 is just the same as that in x. So if SHkxL satisfies the equation in x, then SHkyL = SHkHx - aLL 
does also.

So let's try it with Bessel's equation, which is 

 1ÅÅÅÅÅr  ∑r Hr ∑r BmHkrLL - m2
ÅÅÅÅÅÅÅÅr2  BmHkrL + k2 BmHkrL = 0,

 or

 k2 Bm
££HkrL + kÅÅÅÅÅr Bm

£ HkrL - m2
ÅÅÅÅÅÅÅÅr2  BmHkrL + k2 BmHkrL = 0,

or
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  „2
ÅÅÅÅÅÅÅÅÅÅ„x2  BmHxL + 1ÅÅÅÅx  „ÅÅÅÅÅÅÅ„x BmHxL - m2

ÅÅÅÅÅÅÅÅx2  BmHxL + BmHxL = 0.

Under the substitution x Ø y = x - a we get „ÅÅÅÅÅÅÅ„x = „ÅÅÅÅÅÅÅÅ„y and „2
ÅÅÅÅÅÅÅÅÅÅ„x2 = „2

ÅÅÅÅÅÅÅÅÅÅ„y2 but the differential equation becomes 

 „2
ÅÅÅÅÅÅÅÅÅÅ„y2  HBmHy + aLL + 1ÅÅÅÅÅÅÅÅÅÅy+a  „ÅÅÅÅÅÅÅÅ„y  H BmHy + aLL - m2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHy+aL2  BmHy + aL + BmHy + aL = 0

which is simply another differential equation, not Bessel's. So we see that Bessel functions don't share with 
sinusoids a simple, so-called addition formula.

There do exist addition formulas for Bessel functions but we don't need them in this course. See Abramowitz 
and Stegun formulas 9.1.75 and 9.1.80 or Gradshteyn and Ryzhik section 8.53.
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