
Ph196bEM      Homework 4 Solutions - 2004

à Problem 17

This problem is to find two different representation of  the Dirichlet Green function  GHx, y ; x£, y£L inside a 
channel defined by the boundaries H x = -d ê2, y œ @0, ¶L L, Hx œ @-d ê2, d ê2D, y = 0 L, and H x = d ê2, y œ @0, ¶L L, where d > 0.  As usual, let x> (y>) be the greater of x (y) and x£ Hy£L,  and x< (y<), the 
smaller.

It can be shown by using the method of conformal mapping (not a part of this course)  that the Green function 
for this geometry can be expressed in the following closed form:

GHx, y ; x£, y£L = - 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0
logikjjj Isin Hp xÅÅÅÅÅd L coshHp yÅÅÅÅÅd L-sin Ip x£

ÅÅÅÅÅÅd M coshIp y£

ÅÅÅÅÅÅd MM2+Icos Hp xÅÅÅÅÅd L sinhHp yÅÅÅÅÅd L-cos Ip x£
ÅÅÅÅÅÅd M sinhIp y£

ÅÅÅÅÅÅd MM2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅHsin Hp xÅÅÅÅÅd L coshHp yÅÅÅÅÅd L-sin Hp x£
ÅÅÅÅÅÅd L coshHp y£

ÅÅÅÅÅÅd LL2
+Hcos Hp xÅÅÅÅÅd L sinhHp yÅÅÅÅÅd L+cos Hp x£

ÅÅÅÅÅÅd L sinhHp y£
ÅÅÅÅÅÅd LL2

y{zzz.
The problem is not to show this. I give it so you can compare it to the following results – numerically, for 
example .

a) Splitting the space into two parts with a line through Hx£, y£L parallel to the x axis, show that

GHx, y ; x£, y£L = 2ÅÅÅÅÅÅÅÅÅÅp ¶0
 ‚

n=1

¶ 1ÅÅÅÅn sinhHn p y<ÅÅÅÅÅÅÅd L ‰-n p y>ÅÅÅÅÅÅÅÅd  sinHn p H xÅÅÅÅÅd + 1ÅÅÅÅ2 LL sinHn p H x£
ÅÅÅÅÅÅd + 1ÅÅÅÅ2 LL.

The " 1ÅÅÅÅn " as a factor in the series is characteristic of a logarithmic solution. Its continuum analog appears in the 
integral representation given next.

b) Next show the completeness relation that, when k > 0 and k£ > 0,Ÿ0
¶sinHk xL sinHk£ xL „ x = pÅÅÅÅÅÅ2  dHk - k£L.

This follows readily from Ÿ-¶

¶
‰ Â k x „ x = 2 p dHkL with a little manipulation (but don't forget the conditions on k 

and k£).

c) Finally show that an integral representation for G is,

GHx, y ; x£, y£L = 2ÅÅÅÅÅÅÅÅÅÅp ¶0
 Ÿ0

¶ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk sinhHk dL  sinhHk Hd ê2 + x<LL sinhHk Hd ê2 - x>LL sinHk yL sinHk y£L „ k.
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 a) Split the channel into the two regions 0 § y § y£ and y£ § y. Then in the x coordinate we use sinusoids which 
vanish at x = ≤d ê2 . So we have

G = ⁄n=1
¶ gnHyL sinHn p H xÅÅÅÅÅd + 1ÅÅÅÅ2 LL

which vanishes at x = ≤ dÅÅÅÅÅ2 .

To have a solution of Laplace's equation everywhere except on the point charge we take



 gnHyL = An  
ikjjjjjj sinhHn p yÅÅÅÅÅd L ‰-n p y£

ÅÅÅÅÅÅd , for 0 § y § y£

sinhIn p y£

ÅÅÅÅÅÅd M ‰-n p yÅÅÅÅÅd , for y£ § y

y{zzzzzz.

This function is arranged so that G satisfies Laplace's equation where necessary, it vanishes at y = 0 and as 
y Ø ¶, it is continuous at y = y£so that the Laplacian of G does not produce the derivative of a d function, and, 
finally, it contains a scaling factor so that Poisson's equation for a unit charge can be satisfied. 

Poisson's equation for this Green function is

“2 G = ‚
n=1

¶ Ign
££ - H n pÅÅÅÅÅÅÅÅd L2 gnM sinHn p H xÅÅÅÅÅd + 1ÅÅÅÅ2 LL = - 1ÅÅÅÅÅÅ¶0

 dHx - x£L dHy - y£L.
The orthogonality relation for these sines is easily seen to beŸ-dê2dê2 sinHn p H xÅÅÅÅÅd + 1ÅÅÅÅ2 LL sinHm p H xÅÅÅÅÅd + 1ÅÅÅÅ2 LL „ x = Ÿ0

dsinIn p zÅÅÅÅÅd M sinIm p zÅÅÅÅÅd M „ z = dm n
dÅÅÅÅÅ2 .

Use this to dissolve the sum into a single term and (renaming the dummy variable m to be n) get
dÅÅÅÅÅ2  Ign

££ - H n pÅÅÅÅÅÅÅÅd L2 gnM = - 1ÅÅÅÅÅÅ¶0
 dHy - y£L sinHn p H x£

ÅÅÅÅÅÅd + 1ÅÅÅÅ2 LL.
Finally, integrate over the singularity in y from y£ - e to y£ + e, e > 0, and take the limit as e Ø 0. This gives
dÅÅÅÅÅ2  limit

eØ0
e > 0

Hgn
£ Hy£ + eL - gn

£ Hy£ - eLL = - 1ÅÅÅÅÅÅ¶0
sinHn p H x£

ÅÅÅÅÅÅd + 1ÅÅÅÅ2 LL,
or

dÅÅÅÅÅ2  n pÅÅÅÅÅÅÅÅd  An I-sinhIn p y£

ÅÅÅÅÅÅd M ‰-n p y£

ÅÅÅÅÅÅd - coshIn p y£

ÅÅÅÅÅÅd M ‰-n p y£

ÅÅÅÅÅÅd M = - 1ÅÅÅÅÅÅ¶0
sinHn p H x£

ÅÅÅÅÅÅd + 1ÅÅÅÅ2 LL.
Finally then An = 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅn p ¶0

 sinHn p H x£
ÅÅÅÅÅÅd + 1ÅÅÅÅ2 LL and the Green function is

G = 2ÅÅÅÅÅÅÅÅÅÅp ¶0
 ‚

n=1

¶ 1ÅÅÅÅn sinhHn p y<ÅÅÅÅÅÅÅd L ‰-n p y>ÅÅÅÅÅÅÅÅd  sinHn p H xÅÅÅÅÅd + 1ÅÅÅÅ2 LL sinHn p H x£
ÅÅÅÅÅÅd + 1ÅÅÅÅ2 LL.

b) If we split the channel by a line parallel to the y axis, we need an integral over a continuum of k values rather 
than a discrete set of them. We will need the completeness for the sine Fourier integral, as it is called. For k > 0 
and k£ > 0, considerŸ0

¶sinHk xL sinHk£ xL „ x = 1ÅÅÅÅ2  Ÿ0
¶H cosHHk - k£L xL - cosHHk + k£L xL L „ x

= 1ÅÅÅÅ4  Ÿ-¶

¶ H cosHHk - k£L xL - cosHHk + k£L xL L „ x
= 1ÅÅÅÅ4  Re H Ÿ-¶

¶ H ‰ Â Hk-k£L x - ‰ Â Hk+k£L x L L „ x
= pÅÅÅÅÅ2  H dHk - k£L - dHk + k£L L.
But the argument k + k£ has no zeros when  k > 0 and k£ > 0, and so we get Ÿ0

¶sinHk xL sinHk£ xL „ x = pÅÅÅÅÅ2 dHk - k£L.
c) If we split the channel by cutting it along x = x£, then we use a sinusoid in the y coordinate and exponentials 
in x. There are not now two finite values of the argument of the sinusoid at which G is to vanish, so we must use 
a continuum of values of k.  we write
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G = limit
eØ0
e > 0

 Ÿe

¶ gkHxL sinHk yL „ k.

The limiting process is introduced because of the k restrictions in the completeness relation in (b). We'll see that 
the limit is easily executed at the end.

It is sufficient to use k > 0 since the antisymmetry of the sin kyL in k would just lead to a redefinition of gkHxL if 
we were to make the range -¶ to ¶ (leaving out the bit about k = 0.) Next, to solve boundary conditions in x 
and satisfy Laplace's equation where appropriate, we take 

gkHxL = AHkL J sinhHk Hd ê2 + xLL sinhHk Hd ê2 - x£LL, for - d ê2 § x § x£

sinhHk Hd ê2 + x£LL sinhHk Hd ê2 - xLL, for x£ § x § d ê2
N.

As it must, this is constructed from the real exponentials with the separation constant k, it vanishes at x = ≤d ê2, 
it is continuous at x = x£, and it has a scale factor AHkL to let us normalize the solution to that of a unit point 
charge. Then we put the G into Poisson's equation to get 

“2 G = limit
eØ0
e > 0

 Ÿe

¶ Hgk
££ - k2 gkL sinHk yL „ k = - 1ÅÅÅÅÅÅ¶0

 dHx - x£L dHy - y£L         eq. 1

To dissolve the integral into a single term, we use the completeness relation from part b).  

Multiply eq. 1 by sinHk£ yL, k£ > 0, to get 

limit
eØ0
e > 0

 Ÿe

¶ Hgk
££ - k2 gkL sinHk yL sinHk£ yL „ k = - 1ÅÅÅÅÅÅ¶0

 dHx - x£L dHy - y£L sinHk£ yL,
then integrate over y to produce

limit
eØ0
e > 0

 Ÿe

¶ Hgk
££ - k2 gkL pÅÅÅÅÅ2 dHk - k£L „ k = Hgk£

££ - k£2 gk£L pÅÅÅÅÅ2 = - 1ÅÅÅÅÅÅ¶0
 dHx - x£L sinHk£ y£L.

Of course, the k£ is just the name of a variable, and so we may call it k instead. Make this substitution and 
integrate over x covering x£ to get 

limit
eØ0
e > 0

 pÅÅÅÅÅ2  Hgk
£ Hx£ + eL - gk

£ Hx£ - eLL
= pÅÅÅÅÅ2 k AkH-sinhHk Hd ê2 + x£LL coshHk Hd ê2 - x£LL - coshHk Hd ê2 + x£LL sinhHk Hd ê2 - x£LLL
= - 1ÅÅÅÅÅÅ¶0

 sinHk y£L.
Simplify to get

 pÅÅÅÅÅÅ2  k Ak  sinhHk dL = 1ÅÅÅÅÅÅ¶0
 sinHk y£L.

So we have an integral representation of the Green function

G = 2ÅÅÅÅÅÅÅÅÅÅp ¶0
 limit

eØ0
e > 0

 Ÿe

¶ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk sinhHk dL  sinhHk Hd ê2 + x<LL sinhHk Hd ê2 - x>LL sinHk yL sinHk y£L „ k.

Since there is no singularity in the integrand as k Ø 0, we can take the limit to get the Green function

G = 2ÅÅÅÅÅÅÅÅÅÅp ¶0
 Ÿ0

¶ 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk sinhHk dL  sinhHk Hd ê2 + x<LL sinhHk Hd ê2 - x>LL sinHk yL sinHk y£L „ k. 
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Compare these two forms numerically with the given closed expression for some points.

First the sum:

Off@NIntegrate::"ploss", NIntegrate::"ncvb"D
pointsnoy = 8d → 1, x → .2, xp → −.2, yp → .7<;
yvalues = 80, .1, .2, .4, .6, .8, 1., 1.5, 2., 3., 4.<;
Gsum =

WithA8y = #<, ‚
n=1

100ikjjj 2
cccc
π

 
1
cccc
n

 IfAy > yp, Æ−n π yêd SinhAn π
yp
ccccccc
d

E, Æ−n π ypêd SinhAn π
y
cccc
d
EE SinA

n π ikjjj x
cccc
d

+
1
cccc
2
y{zzzE SinAn π ikjjj xpccccccc

d
+
1
cccc
2
y{zzzE ê. pointsnoyy{zzzE & ê@ yvalues;

Gint = WithA8y = #<,
2
cccc
π

 NIntegrateAikjjj 1
ccccccccccccccccccccccccccccc
k Sinh@k dD  If@x > xp, Sinh@k Hd ê2 − xLD Sinh@k Hd ê2 + xpLD,

Sinh@k Hd ê2 − xpLD Sinh@k Hd ê2 + xLDD Sin@k yD Sin@k ypDy{zzz ê.
pointsnoy, 8k, 0, 100.<EE & ê@ yvalues;

Gclosed =

WithA8y = #<, −1
cccccccccc
4 π

 Log@HHSin@π xêdD Cosh@π yêdD − Sin@π xpêdD Cosh@π ypêdDL2 +HCos@π xêdD Sinh@π yêdD − Cos@π xpêdD Sinh@π ypêdDL2LêHHSin@π xêdD Cosh@π yêdD − Sin@π xpêdD Cosh@π ypêdDL2 +HCos@π xêdD Sinh@π yêdD + Cos@π xpêdD 

Sinh@π ypêdDL2LD ê. pointsnoyE & ê@ yvalues;

The following table was computed with d Ø 1, x Ø .2, x£ Ø -.2, y£ Ø .7 and the listed values of y.
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TableForm@Transpose@8yvalues, Gclosed, Gsum, Gint<D,
TableHeadings → 8None, 8"y", "Gclosed", "Gsum", "Gint"<<D
y Gclosed Gsum Gint
0 0 0 0.
0.1 0.0124043 0.0124043 0.0124043
0.2 0.0253268 0.0253268 0.0253268
0.4 0.0533554 0.0533554 0.0533554
0.6 0.0775288 0.0775288 0.0775288
0.8 0.0791363 0.0791363 0.0791363
1. 0.0587929 0.0587929 0.0587929
1.5 0.0157282 0.0157282 0.0157282
2. 0.00342422 0.00342422 0.00342422
3. 0.000149659 0.000149659 0.000149659

4. 6.47052×10−6 6.47052×10−6 6.4705×10−6

These restricted numerical calculations give considerable confidence in the equivalence of the three representa-
tions.

à Problem 18

Find the potential inside a long straight segment of a round pipe of radius  a. Using two dimensional polar 
coordinates Hr, jL, let the volume be defined by 0 < r < a, and 0 § j § j0 where j0 > 0. The boundary condi-
tions are that FH0 < r § a, j = 0L = FHr = a, 0 § j < j0L = 0  and FH0 < r § a, j = j0L = V . Do not use the 
Green function constructed with oscillatory functions in the j variable; I want you to use solutions with oscilla-
tory solutions in the r direction.

Solution Problem 18

Since there is no lower limit to r, a continuum of k values is possible so make the ansatz

FHr, jL = Ÿ-¶

¶ AHkL sinh kj sinHk log rÅÅÅÅÅa L „ k.

This satisfies the boundary that F vanishes on the boundaries j = 0 and r = a, and of course, it satisfies 
Laplace's equation for any value of k.

In[153]:=
1
cccc
ρ

 ∂ρ Jρ ∂ρ JSinh@k ϕD SinAk LogA ρ
cccc
a
EENN +

1
ccccccc
ρ2

 ∂ϕ,ϕJSinh@k ϕD SinAk LogA ρ
cccc
a
EEN êê FullSimplify

Out[153]= 0

So what is the function AHkL? Choose it so that V = Ÿ0
¶AHkL sinh kj0 sinHk log rÅÅÅÅÅa L „ k. Note that we can restrict k 

to positive values (or set AHkL = 0 for k < 0 )  since the function sinh kj0 sinHk log rÅÅÅÅÅa L is even in k and so nothing 
is added by including negative values of k. Clearly we need a completeness relation to dissolve the integral. The 
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range of the integration should be from -¶ to 0 since that is the range of x = log rÅÅÅÅÅa  as r runs from 0 to a. So 
consider for, both k > 0 and k£ > 0,

 Ÿ-¶

0 sin kx sin k£x „ x

= - 1ÅÅÅÅ4  Ÿ-¶

0 H‰Â kx - ‰-Â kxL H‰Â k£x - ‰-Â k£ xL „ x

= - 1ÅÅÅÅ4  Ÿ-¶

0 H‰Â kx ‰Â k£x - ‰-Â kx ‰Â k£x - ‰Â kx ‰-Â k£x + ‰-Â kx ‰-Â k£xL „ x

= - 1ÅÅÅÅ4  IIŸ-¶

0 H‰Â kx ‰Â k£x - ‰-Â kx ‰Â k£xL - Ÿ0
¶

‰-Â kx ‰Â k£x - ‰Â kx ‰Â k£xM „ xM
= - 1ÅÅÅÅ4  Ÿ-¶

¶ H‰Â kx ‰Â k£x - ‰-Â kx ‰Â k£xL „ x

= pÅÅÅÅÅÅ2  HdHk - k£L - dHk + k£LL
Since both both k > 0 and k£ > 0, the second d function may be dropped since its argument never vanishes. 
Thus, the completeness relation Ÿ-¶

0 sin kx sin k£x „ x = pÅÅÅÅÅÅ2  dHk - k£L when k > 0 and k£ > 0.

 So multiply both sides of

 V = Ÿ0
¶AHkL sinh kj0 sinHk log rÅÅÅÅÅa L „ k

by sinHk£ log rÅÅÅÅÅa L „ Hlog rÅÅÅÅÅa L = sin k£ x „ xand integrate from r = 0 to a, or x from - ¶ to 0, to get 

 V  Ÿx=-¶

0 sin k£ x „ x = Ÿx=-¶

0 Ÿk=0
¶ AHkL sinh kj0 sinHk xL sin k£ x „ x „ k

= pÅÅÅÅÅ2  Ÿk=0
¶ AHkL sinh kj0 dHk - k£L „ k

= pÅÅÅÅÅ2  AHk£L sinh k£j0.

Lastly, we need Ÿx=-¶

0 sin k£ x „ x = Im Ÿx=-¶

0
‰Â k£ x „ x. As a variation, do this integral with an "integrating factor" 

by defining it as 

 limit
eØ0

e>0

 Im Ÿx=-¶

0
‰HÂ k£+eL x „ x = limit Im

eØ0
e>0

 
ikjjjjj ‰HÂ k£ +eL x

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÂk£+e …
x=-¶

0 y{zzzzz = limit
eØ0

e>0

ImH 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÂk£+e L = - 1ÅÅÅÅÅÅk£ .

So we get 

 - VÅÅÅÅÅÅk£ = pÅÅÅÅÅ2  AHk£L sinh k£j0 fl AHkL = - 2ÅÅÅÅÅp
VÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk sinh kj0

and the representation of the solution as an integral,

 FHr, jL = - 2 VÅÅÅÅÅÅÅÅÅp  Ÿ0
¶ sinh kjÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅk sinh kj0

sinHk log rÅÅÅÅÅa L „ k.

Because of the treatment of a couple of irregular integrals in the solution, you may need some reassurance that 
this function really works! Notice that the integrand is well behaved at k = 0, and as k Ø ¶, the integrand 
becomes 1ÅÅÅÅk  ‰kHj-j0L sinHk log rÅÅÅÅÅa L which is zero on the average, i.e., over any small range of k for large k, it 
oscillates so often that its integral can be taken as zero. This behavior, however, makes numerical evaluation 
problematic and Mathematica gives lots of warnings in an evaluation! However, it is not at all hard to get a 
representation of the solution with a Green function  and compare its evaluations with the hard-to-do integral. 
Just ignore the warnings and look: 
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In[207]:= PlotAEvaluateA
−2
ccccccc
π

 NIntegrateA Sinh@k #D
cccccccccccccccccccccccccccccccc
k Sinh@k ϕ0D  SinAk LogA ρ

cccc
a
EE ê. 8ϕ0 → 30.5 Degree, a → 1<,8k, .01, 1000<, MaxRecursion → 20E & ê@ Table@ϕ Degree, 8ϕ, 0, 30, 5<DE,8ρ, .05, 1.<, PlotRange → 880, 1.1<, 80, 1.1<<, Frame → True,

FrameLabel →8"ρ", "Φ", "Potential from integral for \nseveral fixed angles ϕ", ""<,
ImageSize → 72 4E
NIntegrate::ploss :  

Numerical integration stopping due to loss of precision. Achieved
neither the requested PrecisionGoal nor AccuracyGoal; suspect
one of the following: highly oscillatory integrand or the true
value of the integral is 0. If your integrand is oscillatory
try using the option Method−>Oscillatory in NIntegrate. More…

NIntegrate::inum :  

Integrand Sinh@k H5 °LD Sin@i1jD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

k Sinh@k ϕ0D ê. 8ϕ0 → 30.5 °, a → 1< is

not numerical at 8k< = 8500.005<. More…

NIntegrate::inum :  

Integrand
Sinh@k H10 °LD Sin@i1jD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

k Sinh@k ϕ0D ê. 8ϕ0 → 30.5 °, a → 1< is

not numerical at 8k< = 8500.005<. More…

NIntegrate::inum :  

Integrand
Sinh@k H15 °LD Sin@i1jD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

k Sinh@k ϕ0D ê. 8ϕ0 → 30.5 °, a → 1< is

not numerical at 8k< = 8500.005<. More…

General::stop :  Further output of
NIntegrate::inum will be suppressed during this calculation. More…

NIntegrate::slwcon :  

Numerical integration converging too slowly; suspect one of the following:
singularity, value of the integration being 0, oscillatory integrand,
or insufficient WorkingPrecision. If your integrand is oscillatory
try using the option Method−>Oscillatory in NIntegrate. More…

NIntegrate::slwcon :  

Numerical integration converging too slowly; suspect one of the following:
singularity, value of the integration being 0, oscillatory integrand,
or insufficient WorkingPrecision. If your integrand is oscillatory
try using the option Method−>Oscillatory in NIntegrate. More…
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NIntegrate::slwcon :  

Numerical integration converging too slowly; suspect one of the following:
singularity, value of the integration being 0, oscillatory integrand,
or insufficient WorkingPrecision. If your integrand is oscillatory
try using the option Method−>Oscillatory in NIntegrate. More…

General::stop :  Further output of
NIntegrate::slwcon will be suppressed during this calculation. More…

0.2 0.4 0.6 0.8 1
ρ

0.2

0.4

0.6

0.8

1

Φ

Potential from integral for
several fixed angles ϕ

Out[207]= h Graphics h

As this plot shows, the result of the numerical integration, in spite of various warnings, is perfectly reasonable. 
Note that the potential at the origin is not defined, as you would expect since it s a singular point of the coordi-
nate system, i.e., covered by every value of j; which value of the potential you get there depends upon from 
which direction you approach the origin.

Now represent the potential in the volume by using the Green function method. This will in fact give us a 
closed form for the solution with which to compare the integral representation.

à Green function Approach

As usual, assume 

 G = ⁄n=1
¶ An gnHr, r£L sinHk jL

where gnHz, z£L =
ikjjjjjjjjj H rÅÅÅÅÅa Lk  JI r£

ÅÅÅÅÅÅa Mk - I aÅÅÅÅÅÅr£ Mk N 0 < r < r£I r£

ÅÅÅÅÅÅa Mk  IH rÅÅÅÅÅa Lk - I aÅÅÅÅÅr Mk M r£ < r < a

y{zzzzzzzzz with k = npÅÅÅÅÅÅÅj0
, is constructed from the two radial functions 

rk and r-k so that it is zero at the origin and at r = a, and continuous at r = r£. To be explicit, the separation 
parameter k should have an index, kn , but to avoid writings complications I will use the index only when 
needed for clarity.

Then use “2 G = - 1ÅÅÅÅÅÅ¶0
 1ÅÅÅÅÅr  dHr - r£L dHj - j£L to get
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 “2 G = ⁄n=1
¶ An  I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„r  Ir „gnÅÅÅÅÅÅÅÅÅÅ„ r M - 1ÅÅÅÅÅÅÅr2  k2 gnM sinHk jL = - 1ÅÅÅÅÅÅ¶0

 1ÅÅÅÅÅr  dHr - r£L dHj - j£L.
Multiply both sides by sinHkm jL and integrate over j from 0 to j0 to dissolve the sum into a single term;

 Am  j0ÅÅÅÅÅÅÅ2  I 1ÅÅÅÅÅr  „ÅÅÅÅÅÅÅÅ„r  Ir „gmÅÅÅÅÅÅÅÅÅÅÅ„r M - 1ÅÅÅÅÅÅÅr2  HkmL2 gmM = - 1ÅÅÅÅÅÅ¶0
 1ÅÅÅÅÅr  dHr - r£L sinHkm j£L

Let m Ø n, multiply by r, integrate just over the delta function, and use the continuity of gn to get

 An  limeØ0
e>0

JIr „gnÅÅÅÅÅÅÅÅÅÅ„ r M
r=r£+e

- Ir „gnÅÅÅÅÅÅÅÅÅÅ„r M
r=r£-e

N = - 1ÅÅÅÅÅÅ¶0
 2ÅÅÅÅÅÅÅj0

 sinHk j£L,
or

 An r£ k JI r£

ÅÅÅÅÅÅa Mk  I r£k-1
ÅÅÅÅÅÅÅÅÅÅÅÅÅak + ak

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
r£k+1 M - r£k-1

ÅÅÅÅÅÅÅÅÅÅÅÅÅak  JI r£

ÅÅÅÅÅÅa Mk - I aÅÅÅÅÅÅr£ Mk NN = - 1ÅÅÅÅÅÅ¶0
 2ÅÅÅÅÅÅÅj0

 sinHk j£L.
This gives

 An = - 1ÅÅÅÅÅÅ¶0

1ÅÅÅÅÅÅÅÅn p  sinInp j£

ÅÅÅÅÅÅÅj0
M

so the Green function is

 GHr, j; r£, j£L = - 1ÅÅÅÅÅÅ¶0
 ‚

n=1

¶ 1ÅÅÅÅÅÅÅÅn p  H r<ÅÅÅÅÅÅÅa L n pÅÅÅÅÅÅÅÅÅj0  IH r>ÅÅÅÅÅÅÅa L n pÅÅÅÅÅÅÅÅÅj0 - I aÅÅÅÅÅÅÅr>
M n pÅÅÅÅÅÅÅÅÅj0 M sinInp jÅÅÅÅÅÅÅj0

M sinInp j£

ÅÅÅÅÅÅÅj0
M, J r> = Max@r, r£D

r< = Min@r, r£D N.
Since there is no charge density inside the volume, we have from Green's theorem that for the problem at hand  
(the surface at j0 is at potential V  and the others are grounded):

 FHr, jL = -¶0 Ÿ∑V FHr£, j£L “”÷÷ £
GHr, j; r£, j£L ÿ „ A

”÷÷ £

= -¶0 V  Ÿr£=0
a 1ÅÅÅÅÅÅr£  ∑ÅÅÅÅÅÅÅÅÅ∑j£  GHr, j; r£, j£L …

j£=j0

„ r£

= VÅÅÅÅÅÅÅj0
 „

n=1

¶

sinInp jÅÅÅÅÅÅÅj0
M cosInp j0ÅÅÅÅÅÅÅj0

M ikjjjIH rÅÅÅÅÅa L npÅÅÅÅÅÅÅj0 - I aÅÅÅÅÅr M npÅÅÅÅÅÅÅj0 M ‡
r£=0

r
r£

npÅÅÅÅÅÅÅÅÅj0
-1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a

npÅÅÅÅÅÅÅÅÅj0
 „ r£ + H rÅÅÅÅÅa L npÅÅÅÅÅÅÅj0  ‡

r£=r

a J r£
npÅÅÅÅÅÅÅÅÅj0

-1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
a

npÅÅÅÅÅÅÅÅÅj0
- a

npÅÅÅÅÅÅÅÅÅj0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
rÇ'

npÅÅÅÅÅÅÅÅÅj0
+1 N „ r£y{zzz

Do the trivial but tedious integrals with Mathematica

In[201]:= AssumingA8ρ ∈ Reals, a ∈ Reals, a > ρ, k > 0, ρ > 0<,ikjjjjikjjjjJ ρ
cccc
a
Nk − ikjj a

cccc
ρ
y{zzky{zzzz ‡

0

ρ xk−1

ccccccccccc
ak

 Åx + J ρ
cccc
a
Nk ‡

ρ

aikjjjj xk−1

ccccccccccc
ak

−
ak

ccccccccccc
xk+1

y{zzzz Åx
y{zzzz êê FullSimplifyE

Out[201]=
2 I−1 + H ρcccca LkMccccccccccccccccccccccccccccccccccc

k

So you get

FHr, jL = V  ‚
n=1

¶ 2
ÅÅÅÅÅÅÅÅÅÅÅ
n p

 sinikjjnp
j

ÅÅÅÅÅÅÅÅÅ
j0

y{zz H-1Ln+1 ikjjj1 - J r
ÅÅÅÅÅÅ
a

N n pÅÅÅÅÅÅÅÅÅj0 y{zzz
At first sight it seems manifest that this function cannot be the solution of the given problem since clearly 
FHr, j0L = 0 whereas the boundary condition is that the potential is to be V  on this surface. The resolution of 
this paradox is the fact that Fourier's infinite series, ⁄n=-¶

¶ Fn ‰Â 2 p n xÅÅÅÅ  where Fn = 1ÅÅÅÅÅ  Ÿ0 f HxL ‰-Â n 2 p xÅÅÅÅ  „ x, does 
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NOT sum to f HxL but rather to limeØÇ0
e>0

H f Hx - eL + f Hx + 1LL. Thus if f HxL is discontinuous at a point x, then the 

value of the series is the average value of the two values at x. For the case at hand, it is clear that the series os an 
odd function in j about j = j0 and so the series will sum to zero exactly at j = j0 which is what we see. 
Clearly, the quantity of interest for the potential is limeØ0

e>0
V  ‚

n=1

¶ 2ÅÅÅÅÅÅÅÅn p  sinInp j0-eÅÅÅÅÅÅÅÅÅÅÅÅj0
M H-1Ln+1 I1 - H rÅÅÅÅÅa L n pÅÅÅÅÅÅÅÅÅj0 M which 

should be V . 

Using 

In[235]:= Series@−Log@1 + xD, 8x, 0, 5<D
Out[235]= −x +

x2
ccccccc
2

−
x3
ccccccc
3

+
x4
ccccccc
4

−
x5
ccccccc
5

+ O@xD6
we can sum the series by writing 

FHr, jL = - 2 VÅÅÅÅÅÅÅÅÅp  Im „
n=1

¶ H-1Ln 1ÅÅÅÅn  JI‰Â p jÅÅÅÅÅÅÅj0 Mn
- J‰Â p jÅÅÅÅÅÅÅj0 H rÅÅÅÅÅa L pÅÅÅÅÅÅÅj0 NnN

= 2 VÅÅÅÅÅÅÅÅÅp  Im log 1+‰Â p jÅÅÅÅÅÅÅÅÅj0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
1+‰Â p jÅÅÅÅÅÅÅÅÅj0 H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0

= 2 VÅÅÅÅÅÅÅÅÅp  Im logI1 + ‰Â p jÅÅÅÅÅÅÅj0 M ikjjj1+‰-Â p jÅÅÅÅÅÅÅÅÅj0 H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0 y{zzzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅikjjjƒƒƒƒƒƒƒƒƒƒ1+‰Â p jÅÅÅÅÅÅÅÅÅj0 H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0
ƒƒƒƒƒƒƒƒƒƒy{zzz2

= 2 VÅÅÅÅÅÅÅÅÅp  Im log 
1+H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0 +cosIp jÅÅÅÅÅÅÅj0

M I1+H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0 M+Â sinIp jÅÅÅÅÅÅÅj0
M I1-H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0 M

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅikjjjƒƒƒƒƒƒƒƒƒƒ1+‰Â p jÅÅÅÅÅÅÅÅÅj0 H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0
ƒƒƒƒƒƒƒƒƒƒy{zzz2

= 2 VÅÅÅÅÅÅÅÅÅp  arctanikjjj sinIp jÅÅÅÅÅÅÅj0
M I1-H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0 M

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI1+cosIp jÅÅÅÅÅÅÅj0
MM I1+H rÅÅÅÅÅa L pÅÅÅÅÅÅÅÅÅj0 M y{zzz.

This clearly satisfies the boundary condition at j = 0 and r = a. At j = j0 we have a 0/0 problem so use L'Hos-
pital's rule to get 2 VÅÅÅÅÅÅÅÅÅp  pÅÅÅÅÅ2 = V  and we see that the "problem" at j = j0 has vanished. Since the function is the 
imaginary part of an analytic complex function, it satisfies the Cauchy-Riemann equations, which is just the 
Laplace equation. From uniqueness, this is a representation of THE solution.

So take a look at plots of it.
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In[237]:= PlotAEvaluateAWithA8ϕ = #<, V 
2
cccc
π

ArcTanA SinAπ ϕcccccc
ϕ0
E I1 − H ρcccc

a
L πccccccϕ0 M

cccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccI1 + CosAπ ϕcccccc
ϕ0
EM I1 + H ρcccc

a
L πccccccϕ0 M E ê.

8ϕ0 → 30.5 Degree, a → 1, V → 1<E & ê@ Table@ϕ Degree, 8ϕ, 0, 30, 5<DE,8ρ, .05, 1.<, PlotRange → 880, 1.1<, 80, 1.1<<, Frame → True,
FrameLabel →8"ρ", "Φ", "Potential from closed form \nfor several fixed angles ϕ", ""<E

0.2 0.4 0.6 0.8 1
ρ

0.2

0.4

0.6

0.8

1

Φ

Potential from closed form
for several fixed angles ϕ

Out[237]= h Graphics h

Clearly this agrees with the plot we got from the integral representation of the solution. So we get the rather 
amusing mathematical equality:

‡
0

• sinh kj
ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄ
k sinh kj0

sinJk log
r
ÄÄÄÄÄÄ
a

N ‚k = -arctan
i
kjjjjjjjjjj sinIp jÄÄÄÄÄÄÄ

j0
M J1 - H rÄÄÄÄÄa L pÄÄÄÄÄÄÄÄj0 N

ÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄI1 + cosIp jÄÄÄÄÄÄÄ
j0

MM J1 + H rÄÄÄÄÄa L pÄÄÄÄÄÄÄÄj0 N y
{zzzzzzzzzz

à Problem 19

Find the Green function for the inside of a rectangular box with dimensions a in the x-direction, b in the y-direc-
tion, and c in the z-direction. For convenience, let one of the corners of the box be at the origin - use figure 2.9 
of Jackson to define the coordinate system. Further,  use real exponential functions in the z coordinate in your 
answer. Of course, it is easy then to write other representations of the solution with the real exponentials in the 
x or y direction. Do not use the method of images for this problem. 

Solution Problem 19

In three dimensional cartesian coordinates, choose as solutions sums over the separation constants kx and ky, 
products of sinusoids in kx x, sinusoids in ky y, and sums of exponentials in  k z, where k = "##############kx

2 + ky
2 . To satisfy 

the Green function boundary conditions we need kx = n p 1ÅÅÅÅa , ky = m p 1ÅÅÅÅb where n and m are positive integers and 
the functional form is
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G = ⁄n=1
¶ ⁄m=1

¶ gnmHzL sinHn p xÅÅÅÅa L sinHm p yÅÅÅÅb L.
with gnmHzL = Anm  J sinhHknm zL sinhHknmHc - z£LL , for 0 § z § z£

sinhHknm z£L sinhHknmHc - zLL , for z£ § z § c N, with knm = p "#########################H nÅÅÅÅa L2 + H mÅÅÅÅÅÅb L2 .

This function is arranged so that G satisfies the Laplace equation where appropriate, satisfies  the boundary 
conditions at z = 0 and c, and is continuous at z = z£. We now adjust the constant Anm so that Poisson's equa-
tions is satisfied for a point charge at Hx£, y£, z£L.
“2 G = ‚

n=1

¶ ‚
m=1

¶ Ignm
££ HzL - H n pÅÅÅÅÅÅÅÅa L2 gnmHzL - H m pÅÅÅÅÅÅÅÅÅb L2 gnmHzLM sinHn p xÅÅÅÅa L sinHm p yÅÅÅÅb L

= - 1ÅÅÅÅÅÅ¶0
 dHx - x£L dHy - y£L dHz - z£L.

Now multiply both sides by sinHn£ p xÅÅÅÅa L sinHm£ p yÅÅÅÅb L and integrate on x from 0 to a and on y from 0 to b. The 
orthogonality of the sinusoids dissolves the sum into a single term in which I replace Hn£, m£L, which are just 
variable names, by Hn, mL.
a bÅÅÅÅÅÅÅÅ4  Ignm

££ HzL - H n pÅÅÅÅÅÅÅÅa L2 gnmHzL - H m pÅÅÅÅÅÅÅÅÅb L2 gnmHzLM
= - 1ÅÅÅÅÅÅ¶0

 sinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb M dHz - z£L.
Lastly, integrate over z from z£ - e to z£ + e, e > 0, and take the limit as e Ø 0. This gives
a bÅÅÅÅÅÅÅÅ4  limit

eØ0
e > 0

H gnm
£ Hz£ + eL - gnm

£ Hz£ - eL L
= a bÅÅÅÅÅÅÅÅ4  Anm  knmH -sinh Hknm z£L coshHknmHc - z£LL - coshHknm z£L sinhHknmHc - z£LL L
= - a bÅÅÅÅÅÅÅÅ4  Anm  knm sinhHknm cL
= - 1ÅÅÅÅÅÅ¶0

 sinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb M,
or, Anm = 4ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0

 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅknm sinhHknm cL  sinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb M.
Letting z>be the greater of z and z£ and z< the smaller of the two, we get for the Green function

G = 4ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0
 ‚

n=1

¶ ‚
m=1

¶ sinhHknm z<L sinhHknmHc-z>LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅknm sinhHknm cL  sinHn p xÅÅÅÅa L sinHn p x£
ÅÅÅÅÅÅa L sinHm p yÅÅÅÅb L sinIm p y£

ÅÅÅÅÅÅb M.
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à Problem 20

Find the force acting in the z direction  on a point charge of magnitude q located at point Hx£, y£, z£L inside the 
box given in problem 19 if all of its walls are at zero potential.   

Hint: Be sure to realize that the Green function found in problem 19 is singular at the point 
r” = Hx, y, zL = Hx£, y£, z£L = r” £ and so the z force on q is not -q2 ∑GHr” ; r”÷ £ LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ z …r” = r” £  because G contains contributions 
from both the direct field of the point charge and that due to the induced charges in the walls of the box.

Either

a) don't forget that Newton's third law applies in electrostatics,

or

b) notice that the singularity in ∑GHr” ; r”÷ £ LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ z …r” = r” £  can be removed by considering

1ÅÅÅÅ2 limit
eØ0
e>0

 
ikjjjjjjj- ∑GHx£, y£ , z£- e ; x£, y£ , z£ LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ z  - ∑GHx£, y£ , z£+ e ; x£, y£ , z£ LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑ z

y{zzzzzzz.

Solution Problem 20

Find the z component of the force on a charge q in the box of the last problem if its walls are all grounded. The 
potential in this case is just q G where G is the Green function form the last problem. This force comes from the 
induced charges on the inside walls of the box, of course. 

a) First use Newton's third law which says that the force on the charge  is equal and opposite to the force on the 
box. This latter is just the integral over the inside area of the force on the induced charge density and this is Ÿinside surface

¶0ÅÅÅÅÅÅ2 … “
”÷÷ Hq GL ÿ n”÷ …2 n”÷ „ A  where n”÷  is a vector on the inside wall of the box pointing into the box. For the 

z component of force on the charge, Fz,  we only need the surfaces at z = 0 and z = c since the forces on the 
other faces do not have a component in the z direction. So we have, using H⁄n anL2 = ⁄n ⁄n£ an an£ ,

Fz = q2 Ÿ0
a

„ x Ÿ0
b

„ y ¶0ÅÅÅÅÅÅ2  I H ∑ GÅÅÅÅÅÅÅÅÅ∑ z »z=cL2
- H ∑ GÅÅÅÅÅÅÅÅÅ∑ z »z=0L2 M

= q2 ¶0ÅÅÅÅÅÅ2  I 4ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0
M2 Ÿ0

a
„ x Ÿ0

b
„ y ‚

n=1

¶ ‚
m=1

¶ ‚
n£=1

¶ ‚
m£=1

¶ I sinhHknm  z£LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  sinhHkn£m£  z£LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHkn£m£ cL
- sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  sinhHkn£m£ Hc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHkn£m£ cL M sinHn p xÅÅÅÅa L sinHn p x£

ÅÅÅÅÅÅa L 
sinHm p yÅÅÅÅb L sinIm p y£

ÅÅÅÅÅÅb M sinHn£ p xÅÅÅÅa L sinHn£ p x£
ÅÅÅÅÅÅa L sinHm£ p yÅÅÅÅb L sinIm£ p y£

ÅÅÅÅÅÅb M.
 

Now integrate and use orthogonality to dissolve the sums over n£ and m£. 
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 Fz = q2 ¶0ÅÅÅÅÅÅ2  I 4ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0
M2 a bÅÅÅÅÅÅÅÅ4  ‚

n=1

¶ ‚
m=1

¶ I sinhHknm  z£LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  sinhHknm  z£LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL - sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL M sinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb M sinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb M
= q2 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0

 ‚
n=1

¶ ‚
m=1

¶ II sinhHknm  z£LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL M2 - I sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL M2M IsinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb MM2.

Sinh@k zD2 − Sinh@k Hc − zLD2 êê TrigExpand êê Simplify
−Sinh@c kD Sinh@k Hc − 2 zLD

With this simplification, 

Fz = q2 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0
 ‚

n=1

¶ ‚
m=1

¶ sinhH2 knm H z£- cÅÅÅÅÅ2 L L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  IsinHn p x£

ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb MM2.

b) Now let's get the force by using the idea of writing that it is just Fz = q Ez
due to induced charge only. The difficulty is 

that the electric field obtained from -q I“”÷÷ GMz yields Ez
total = Ez

due to q itself +Ez
due to induced charge only. However, it is 

easy to get rid of the field due to q directly by noting that it is equal in magnitude but oppositely directed on 
symmetrically placed points on each side of q, by Coulomb's law directly, whereas the contribution due to the 
induced charge does not act like this. In fact if the two points are very near the position of the charge, the 
contribution of the induced charge is essentially the same at the two points. Thus we can get what we want from

Fz = 1ÅÅÅÅ2  limit
eØ0

e>0

 
ikjjjjj -q2 ∑ GÅÅÅÅÅÅÅÅÅ∑ z  Ix£, y£, z£ + e ; x£, y£, z£M - q2 ∑ GÅÅÅÅÅÅÅÅÅ∑ z  Ix£, y£, z£ - e ; x£, y£, z£M y{zzzzz,

or

Fz =

-q2 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0
limit

eØ0
e > 0

 ‚
n=1

¶ ‚
m=1

¶ I- sinhHknm  z£L coshHknmHc-Hz£+eLLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL + coshHknmHz£-eLL sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL M IsinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb MM2.

But - sinhHknm  z£L coshHknmHc-Hz£+eLLLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL + coshHknmHz£-eLL sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL ->

- sinhHknm  z£L coshHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL + coshHknm  z£L sinhHknmHc-z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL = sinhHknmHc-2 z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL
as e Ø 0 so that 

Fz =-q2 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0
‚

n=1

¶ ‚
m=1

¶ sinhHknmHc-2 z£LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  IsinHn p x£
ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb MM2
= q2 2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅa b ¶0

‚
n=1

¶ ‚
m=1

¶ sinhH2 knmHz£- cÅÅÅÅÅ2 LL
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHknm cL  IsinHn p x£

ÅÅÅÅÅÅa L sinIm p y£

ÅÅÅÅÅÅb MM2
as above.

It is interesting to see how this rather complicated formula contains within itself the result that for small z£ and 
much smaller than either x£ or y£, we can get an approximation to the force from just one image charge, the one 
at Hx£, y£, -z£L which is Fz º - 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

 q2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 z£L2 . It is easy to see that in this case the series converges very slowly 

since each of its terms is positive, but they do decrease slowly as n and m increase. For large knm, the summands 
approach (remember that z£ ` c) -‰knmHc-2 z£L ê ‰knm  c = -‰ -2 knm  z£ . So the series converges, but the smaller z£, the 
more slowly. So most of the contribution of the sum comes from large values of n and m where kx ª n pÅÅÅÅÅÅÅÅa is much 
larger than D kx = pÅÅÅÅÅa . Similarly for ky and D ky. So we can write
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Fz = q2 2ÅÅÅÅÅÅÅÅÅÅÅÅp2 ¶0
‚

n=1

¶ ‚
m=1

¶ sinhH2 k Hz£- cÅÅÅÅÅ2 LL
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsinhHk cL  HsinHkx x£L sinHky y£LL2 D kx D ky

where k = "##############kx
2 + ky

2 . Approximating the sum as an integral gives

Fz > q2 2ÅÅÅÅÅÅÅÅÅÅÅÅp2 ¶0
Ÿ0

¶Ÿ0
¶

‰ - 2 k z£HsinHkx x£L sinHky y£LL2
 „ kx „ kx.

Next, notice that you won't make much of an error by replacing the squares of the sinusoids by their average 
values of 1ÅÅÅÅ2  so the next outrage is to write

Fz > q2 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p2 ¶0
Ÿ0

¶Ÿ0
¶

‰ - 2 k z£
 „ kx „ kx = q2 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 p2 ¶0

Ÿ0
¶Ÿ0

pê2
‰ - 2 k z£

 k „ k „ jk = q2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

Ÿ0
¶

‰ - 2 k z£
 k „ k.

SimplifyA‡
0

∞

Æ−2 k z�
 k Åk, z� > 0E

1
cccccccccccccccccc
4 Hz�L2

And so you get the approximation when z£ << c, z£ << x£, z£ << y£ that

Fz >
1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ4 p ¶0

 q2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 z£L2

as expected.

à Problem 21 Jackson, problem 2.13

(a) Two halves of a long hollow conducting cylinder of radius b are separated by small lengthwise gaps on each 
side, and are kept at different potentials V1 and V2. Show that the potential inside is given by

 FHr, jL = V1+V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  tan-1I 2brÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb2-r2  cos jM
where j is measured from a plane perpendicular to the plane through the gaps.

(b) Calculate the surface charge density on each half of the cylinder.

Begin graphics
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End graphics

Show@fig213D

V1V2 Hρ,ϕL
ϕ

h Graphics h

Solution Problem 21

(a) Using the sinusoidal solutions in j, we can immediately write

 F = ⁄n=0
¶ An H rÅÅÅÅÅb Ln cos nj.

This form is chosen  so that the potential is regular at the origin, is continuous at j = 0, and it builds in the 
symmetry of the boundary condition, i.e.,  that it is symmetric under j Ø -j. Also since the only scale in the 
problem is the radius b we may as well express the radial coordinate in it as the unit. Finally, we need to choose 
the An so that

 ⁄n=0
¶ An cos nj = f HjL where f HjL =

ikjjjjj V1 - pÅÅÅÅÅ2 < j < pÅÅÅÅÅ2

V2
pÅÅÅÅÅ2 < j < 3 pÅÅÅÅÅÅÅÅ2

y{zzzzz .

The orthogonality of the sinusoids give Ÿ-pê23 pê2cos nj cos mj „ j = p dnm. So we get for m ∫ 0

 p Am = Ÿ-pê23 pê2 f HjL cos mj „ j = V1 Ÿ-pê2pê2 cos mj „ j + V2 Ÿpê23 pê2 cos mj „ j = 2 HV1-V2LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm  
ikjjjj 0 m evenH-1L m-1ÅÅÅÅÅÅÅÅÅÅÅÅ2 m odd

y{zzzz.

A simple integral gives A0 = 1ÅÅÅÅÅÅÅÅ2 p  Hp V1 + p V2L.
Finally then, the solution can be expressed in a series as
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 F = V1+V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + 2 V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  ‚
n=0

¶ H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 n+1  H rÅÅÅÅÅb L2 n+1 cos HH2 n + 1L jL

= V1+V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + 2 V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  ReI‚
n=0

¶ H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 n+1  H rÅÅÅÅÅb L2 n+1 ‰ÂHH2 n+1L jLM

= V1+V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + 2 V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  ReI‚
n=0

¶ H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 n+1  H rÅÅÅÅÅb  ‰Â jL2 n+1M.

The power series is summable:

„
n=0

∞ H−1Ln x2 n+1

cccccccccccccccccccccccccccc
2 n + 1

ArcTan@xD
So F = V1+V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + 2 V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  ReHtan-1H rÅÅÅÅÅb  ‰Â jLL
Now use y = tan-1 x = 1ÅÅÅÅÅÅÅ2 Â  logH 1+Â xÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1- Â x L 
to get 

ReHtan-1 xL = 1ÅÅÅÅ2  argH 1+Â xÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1- Â x L = 1ÅÅÅÅ2  tan-1J ImI 1+Â xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1- Â x M
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
ReI 1+Â xÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1- Â x M N = 1ÅÅÅÅ2  tan-1I ImHH1+Â xL H1+ Â x*LLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅReHH1+Â xL H1+ Â x*LL M.

So

 ReHtan-1H rÅÅÅÅÅb  ‰Â jLL = ReI 1ÅÅÅÅÅÅÅ2 Â  logI 1+Â rÅÅÅÅÅb  ‰Â j

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1-Â rÅÅÅÅÅb  ‰Â j MM = I 1ÅÅÅÅ2  tan-1I ImHH1+Â rÅÅÅÅÅb  ‰Â jL H1+Â rÅÅÅÅÅb  ‰-Â jLL
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅReHH1+Â rÅÅÅÅÅb  ‰Â jL H1+Â rÅÅÅÅÅb  ‰-Â jLL MM

= 1ÅÅÅÅ2  tan-1 
2 rÅÅÅÅÅb  cos j
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

1-H rÅÅÅÅÅb L2 = 1ÅÅÅÅ2  tan-1I 2 rb cos jÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb2-r2 M.
This then gives the result in a nice form:

 F = V1+V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 + V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  tan-1I 2 rb cos jÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb2-r2 M.
Do a numerical check to see that no factors of 2 or p have gone amissing.

WithA8r = #, ϕ = 27 Degree<, 9ArcTanA 2 r Cos@ϕD
ccccccccccccccccccccccccccc

1 − r2
E,

2 „
n=0

100 H−1Ln
cccccccccccccccccc
2 n + 1

 r2 n+1 Cos@H2 n + 1L ϕD=E & ê@ Table@r, 8r, .1, .9, .1<D880.178094, 0.178094<, 80.355481, 0.355481<, 80.53116, 0.53116<,80.703668, 0.703668<, 80.871114, 0.871114<, 81.03143, 1.03143<,81.18269, 1.18269<, 81.32344, 1.32344<, 81.45288, 1.45288<<
Looks reasonable.

(b) To calculate the surface charge density we use “
”÷÷

ÿ E”÷÷ = rchargeÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ¶0
 at the inside surface of the cylinder to get 

s = -¶0 Er »
r=b

= ¶0 ∑FÅÅÅÅÅÅÅÅ∑r …
r=b

= ¶0 V1-V2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅp  ∑ÅÅÅÅÅÅÅ∑r  tan-1I 2 rb cos jÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb2-r2 M …
r=b
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Simplify@ikjjj∂ρ ArcTanA 2 ρ b Cos@ϕD
ccccccccccccccccccccccccccccccc

b2 − ρ2
Ey{zzz ê. ρ → b êê Simplify

Sec@ϕD
cccccccccccccccccc

b

So the charge density goes as the inverse of the cosine of the angle – it piles up right around the gaps as is clear 
intuitively.

Plot@Sec@ϕD, 8ϕ, 0, 2 π<D

1 2 3 4 5 6

-20

-10

10

20

h Graphics h

You may find the relation ‚
n=0

¶ H-1Ln  x2 n+1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ2 n+1 = arctan@xD useful.

à Problem 22 Jackson3ed,  problem 3.10.

A hollow right circular cylinder of radius b has its axis coincident with the z axis and its ends at z = 0 and z = L. 
The potential on the end faces is zero while the cylindrical surface is made of two equal half cylinders, one at 
potential V  and the other at -V . Take the potential on the cylindrical surface as

V HjL = J V -p ê2 < j < p ê2
-V p ê2 < j < 3 p ê2

N.
a) Find the potential inside the cylinder.

b) Assuming L p b, consider the potential at z = LÅÅÅÅÅ2  as a function of r and j and compare with the two dimen-
sional problem 2.13.

Solution Problem 22

a) To get zero on both ends we need sinusoidal solutions in z, sin Hnp zÅÅÅÅÅL L with n£ = 1, 2, 3, …  and since the 
whole circle is included, continuity at j = 0 implies that the j dependence is sinusoidal. The symmetry under 
j Ø -j implies we should choose cos m j where m = 0, 1, 2, …. The radial dependence is given by the modi-
fied bessel function which is regular at the origin, 
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ImHnp rÅÅÅÅÅL L. Check that this product is a solution of Laplace's equation:

In[146]:= f = BesselIAm, n π
ρ
cccc
L
E Cos@m ϕD SinAn π

z
cccc
L
E;

In[149]:=
1
cccc
ρ

 ∂ρ Hρ ∂ρfL +
1

ccccccc
ρ2

 ∂ϕ,ϕf + ∂z,z f êê FullSimplify
Out[149]= 0

It works, so take a linear combination as the solution:

FHr, j, zL = ‚
n=1

¶
 ‚

m=0

¶
 Anm Im Hn p rÅÅÅÅÅL L cos mj sinHn p zÅÅÅÅÅL L

where An m is chosen to match the boundary condition on the cylindrical surface:

V HjL =‚
n=1

¶
 ‚

m=0

¶
 Anm Im Hn p aÅÅÅÅÅL L cos mj sinHn p zÅÅÅÅÅL L = J V -p ê2 < j < p ê2

-V p ê2 < j < 3 p ê2
N for 0 < z < L and  0 < j < 2p.

First dissolve the sum on n by multiplying both sides by sinHn£ p zÅÅÅÅÅL L, n£ = 1, 2, 3 … and then integrating on z 
from 0 to L. This step gives 

 Ÿ0
LsinHn£ p zÅÅÅÅÅL L V HjL „ z = ‚

n=1

¶
 ‚

m=0

¶
 Anm Im Hn p aÅÅÅÅÅL L cos mj Ÿ0

LsinHn£ p zÅÅÅÅÅL L sinHn p zÅÅÅÅÅL L „ z,

V HjL LÅÅÅÅÅÅÅÅÅÅn£ p  Hcos n£ p - 1L = ‚
n=1

¶
 ‚

m=0

¶
 Anm Im Hn p aÅÅÅÅÅL L cos mj dnn£

LÅÅÅÅÅ2 = LÅÅÅÅÅ2  ‚
m=0

¶
 An£ m Im Hn£ p aÅÅÅÅÅL L cos mj,

Next, dissolve the sum over m similarly.

 LÅÅÅÅÅÅÅÅÅÅn£ p  Hcos n£ p - 1L Ÿ0
2 pcos m£ j V HjL „ j =

LÅÅÅÅÅ2  ‚
m=0

¶
 An£ m Im Hn£ p aÅÅÅÅÅL L Ÿ0

2 pcos m£ j cos mj „ j = p LÅÅÅÅÅ2  An£ m£ Im£ Hn£ p aÅÅÅÅÅL L.
Next do the integral remaining.

 Ÿ0
2 pcos m£ j V HjL „ j = V IŸ-pê2pê2 cos m£ j „ j - Ÿpê23 pê2cos m£ j „ jM = - VÅÅÅÅÅÅÅm£  4 sin m£ pÅÅÅÅÅ2

So evaluate the two integrals numerically.
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In[150]:= 9#, Cos@# πD − 1, SinA# π
cccc
2
E= & ê@ Range@10D êê TableForm

Out[150]//TableForm=
1 −2 1
2 0 0
3 −2 −1
4 0 0
5 −2 1
6 0 0
7 −2 −1
8 0 0
9 −2 1
10 0 0

This shows that only odd values of n£ and m£ contribute and so letting n£ = 2 n + 1 and  m£ = 2 m + 1, with both 
n and m running from 0 to ¶,  and suitably relabeling the constants we get:

 Anm = H-1Lm Ip LÅÅÅÅÅ2  I2 m+1 HH2 n + 1L p aÅÅÅÅÅL LM-1
 8 LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n+1L p  VÅÅÅÅÅÅÅm£ = H-1Lm 16 VÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n+1L H2 m+1L p2  1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅI2 m+1 HH2 n+1L p aÅÅÅÅÅL L .

So,  the potential inside a cylinder as given in Jackson problem 3.10 is

 FHr, j, zL = 16 VÅÅÅÅÅÅÅÅÅÅÅÅp2 ‚
n=0

¶ ‚
m=0

¶ H-1Lm
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n+1L H2 m+1L sinHH2 n + 1L p zÅÅÅÅÅL L cosHH2 m + 1L jL 

I2 m+1 HH2 n+1L p rÅÅÅÅÅL L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
I2 m+1 IH2 n+1L p bÅÅÅÅÅL M .

b) Let z = LÅÅÅÅÅ2  and then take the limit as L goes to infinity.

 FHr, j, LÅÅÅÅÅ2 L = 16 VÅÅÅÅÅÅÅÅÅÅÅÅp2 ‚
n=0

¶ ‚
m=0

¶ H-1Lm
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n+1L H2 m+1L sinHH2 n + 1L pÅÅÅÅÅ2 L cosHH2 m + 1L jL I2 m+1 HH2 n+1L p rÅÅÅÅÅL L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
I2 m+1 IH2 n+1L p bÅÅÅÅÅL M

= 16 VÅÅÅÅÅÅÅÅÅÅÅÅp2 ‚
n=0

¶ ‚
m=0

¶ H-1Lm  H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n+1L H2 m+1L cosHH2 m + 1L jL I2 m+1 HH2 n+1L p rÅÅÅÅÅL L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
I2 m+1 IH2 n+1L p bÅÅÅÅÅL M

Now take the limit as L Ø ¶ using IkHxL Ø 1ÅÅÅÅÅÅk!  H xÅÅÅÅ2 Lk. Ignoring the point that this approximation does not rigor-
ously work over the entire sum, you get

FHr, j, LÅÅÅÅÅ2 L = 16 VÅÅÅÅÅÅÅÅÅÅÅÅp2 Re ‚
n=0

¶ ‚
m=0

¶ H-1Lm  H-1Ln
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅH2 n+1L H2 m+1L ‰Â H2 m+1L jH rÅÅÅÅÅb L2 m+1.

Next for the sums over n and m use

SeriesA−
1

cccccccccc
2 Ç

 LogA 1 − Ç x
cccccccccccccccc
1 + Ç x

E, 8x, 0, 9<E
x −

x3
ccccccc
3

+
x5
ccccccc
5

−
x7
ccccccc
7

+
x9
ccccccc
9

+ O@xD10
The n sum gives - 1ÅÅÅÅÅÅÅ2 Â  logH 1-ÂÅÅÅÅÅÅÅÅÅ1+Â L and the m sum gives - 1ÅÅÅÅÅÅÅ2 Â  logI 1-Â ‰Â j rÅÅÅÅÅbÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ1+Â ‰Â j rÅÅÅÅÅb

M.
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SimplifyAComplexExpandA
16 V
cccccccccccc

π2
 ReAikjjj−

1
cccccccc
2 Ç

 LogA 1 − Ç
ccccccccccccc
1 + Ç

Ey{zzz 
ikjjjjj−

1
cccccccc
2 Ç

 LogAComplexExpandA 1 − Ç ÆÇ ϕ ρccccb
cccccccccccccccccccccccccccccc
1 + Ç ÆÇ ϕ ρccccb

EEy{zzzzzEE,8ρ > 0, b > 0, ϕ ∈ Reals<E
−
2 V Arg@b2 − ρ2 − 2 Ç b ρ Cos@ϕDD
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc

π

So, in the limit of L Ø ¶ the potential near the central region of the cylinder is

lim
LØ¶

 FHr, j, LÅÅÅÅÅ2 L = 2 VÅÅÅÅÅÅÅÅÅp  tan-1 I 2 b rÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅb2-r2  cos jM,
in agreement with the result of Jackson problem 2.13.

Don't forget about the Bessel functions that are like exponentials with real argument which are used in this 
solution. They are called the modified Bessel functions.
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