
The Relativistic Symmetry of the Electromagnetic Lagrangian

We have obtained the Lagrangian density for electromagnetism as

= - r F + j” ÿ A
”÷÷
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 H∑i A j - ∑ j AiL H∑i A j - ∑ j AiL.
The very important relative sign of the electric and magnetic terms was resolved by making sure that, when matter is added,
the force, defined as the time rate of change of the momentum, which in turn is defined as the partial derivative of the
matter Lagrangian with respect to the matter's velocity is in agreement with experiment. Further, the overall sign of the
above Lagrangian is adjusted so that the kinetic energy of matter is to be added to it when the dynamics of matter is taken
into account. Experiment had to be invoked to get the signs right, and as we will see this point is crucial. Indeed, in some
sense, the following is an exercise in keeping track of signs carefully!

ü Linear Transformations I

If you are sensitive to symmetries in a theory, then you will seek to invent transformations of the coordinates and/or fields
under which the Lagrangian density is invariant (to within a divergence). In general this gives insight into the content of the
theory. Although in this course I have not derived it , Nöther theorem in field theory shows how to generate a conservation
law for each continuously variable parameter in a symmetry transformation of the Lagrangian density. 

So, looking at the above with an eye to symmetries, we can notice that the two source terms

- r F + j” ÿ A
”÷÷

= - r F + jx Ax + jy Ay + jz Az

Immediately suggest one: any linear transformation of both the current and the potentials that leaves this form invariant. As
we will see, such linear transformations are those of Einstein's special relativity. But first various formalities and definitions
which make the discussion convenient are useful to introduce. This will insure that the final formulation will conform to
standard practice.

ü Formalities, notations, and the metric tensor

Begin by making the notation more symmetric.  Let
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so that - r F + j” ÿ A
”÷÷
 becomes -H j0 A0 - j1 A1 - j2 A2 - j3 A3L. The use of superscripts may seem odd, but it is conventional

and will be discussed shortly. 
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In matrix–vector notation we can produce this form in four different ways, "keeping things that go together, together":
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jjjjjjjjjjjjjj

F

-Ax

-Ay

-Az

y
{
zzzzzzzzzzzzzz

= H r - jx - jy - jz L ik
jjjjjjjjjjjjjj

F

Ax

Ay

Az

y
{
zzzzzzzzzzzzzz

= H r jx jy jz L ik
jjjjjjjjjjjjjj

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

y
{
zzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjj

F

Ax

Ay

Az

y
{
zzzzzzzzzzzzzz

= H r - jx - jy - jz L ik
jjjjjjjjjjjjjj

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

y
{
zzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjj

F

-Ax

-Ay

-Az

y
{
zzzzzzzzzzzzzz.

Rather than adopting just one of these forms as the standard one, a notation has been invented that incorporates all of them.
In particular, in addition to the definitions given above, we also introduce
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More generally, the systematic notation inventions that have been incorporated into the subject of relativistic linear transfor-
mations are as follows:

a) Let Greek letter indices have a range 0, 1, 2, 3. 
b) Distinguish two kinds of tensorial indices: covariant indices which are written as subscripts like jm  and contravariant
indices which are written as superscripts like jm (more on this later).
c) Use the Einstein summation convention. Summing over a pair of indices is called a contraction, and in general, a contrac-
tion  is  legitimate  if  and  only  if  one  index  is  covariant  and  the  other  is  contravariant.  Thus  by  jm Am  we  mean
j0 A0 + j1 A1 + j2 A2 + j3 A3 = r F - jx Ax - jy Ay - jz Az, and jm Am  is a mistake. This convention is extreme useful for
avoiding errors.

d) Introduce the metric tensor gmn = gmn =
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y{zzzzz. In the (1+3)×(1+3) matrix notation the upper left
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"1" is just the number 1, the zero vector 0è  has three rows and one column, 
ikjjjjjjjj 0

0
0

y{zzzzzzzz , 1èè  is a square 3×3 unit matrix, 
ikjjjjjjjj 1 0 0

0 1 0
0 0 1

y{zzzzzzzz,
and the zero vector, 0èT , is the transpose of 0è  and so has one row and three columns; it is H 0 0 0 L.  Note that both indices

of  the  metric tensor  may be  covariant  or  contravariant  and  that  its  square is  the unit  matrix:  gmn gnl = dm
l =

ikjjjjj 1 0èT

0è 1èè

y{zzzzz.
Finally, this form for the metric tensor (rather than its negative) is often called the West Coast convention; they tell me that
another possibility is used in the never-never land of the Eastern seaboard.
e) The metric tensor acts as an index lowering or raising operator. In other words it may be used to convert a covariant
index to a contravariant one. So we have jm = gmn jn  and jm = gmn jn. Similarly from gmn gnl = dm

l  we get the mixed form:

gm
n = dm

n =

i
k
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0 0 0 1

y
{
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f) Finally, adopt the convention as given above for the contravariant components of jm  and Am. In accordance with the
definition  given  above  of  the  covariant  indices,  notice  that  jm = gmn jn so that H j0, j1,, j2,, j3L = Hr, - jx, - jy, - jz)  and
similarly for Am.

With all these notational devices (which were invented for more general situations that we have in special relativity) , we
now see that the four ways of writing r F - jx Ax - jy Ay - jz Az are

r F - jx Ax - jy Ay - jz Az = jm Am = jm Am = jm gmn An = jm gmn An.

Incidentally, this can also be written as jm gm
n  An = jm dm

n  An = jn gm
n  Am = jn dm

n  Am.

Finally we ought to verify the consistency of the raising–lowering definition given above and gmn = gmn. Using a matrix
notation for convenience we have 

gm£ m gmn gnn£ =
ikjjjjj 1 0èT

0è -1èè

y{zzzzz 
ikjjjjj 1 0èT

0è -1èè

y{zzzzz 
ikjjjjj 1 0èT

0è -1èè

y{zzzzz =
ikjjjjj 1 0èT

0è -1èè

y{zzzzz 
ikjjjjj 1 0èT

0è 1èè

y{zzzzz =
ikjjjjj 1 0èT

0è -1èè

y{zzzzz = gm£ n£ .

ü Units

The "c's" in the definition of the zeroth  component of jm and Am were introduced to arrange that all of the related quantities
carry the same units. We know that cr has units of mÅÅÅÅÅÅÅÅsec  CoulÅÅÅÅÅÅÅÅÅÅÅÅm3 = AmpÅÅÅÅÅÅÅÅÅÅÅÅm2 , the units of current density. Similarly, F has units of
Volts and A, units of HenryÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅm  Amp = secÅÅÅÅÅÅÅÅm  HenryÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsec  Amp Jfrom A

”÷÷
= m0ÅÅÅÅÅÅÅÅ4 p  Ÿ j”Hr”£LÅÅÅÅÅÅÅÅÅÅÅÅÅ†r”-r”£§  „3 r£N. But HenryÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅsec  is the "w L" of circuit theory or

Ohm, and Ohm Amp is Volt. So we see that A has units of VoltÅÅÅÅÅÅÅÅÅÅÅÅÅÅmêsec , 
the same as FÅÅÅÅÅc .  So, as defined, all of Am  have the same units and similarly for jm. Of course this unit–consistency is not
strictly necessary, but it is very convenient.

ü Linear Transformations II

Remember that our goal is to seek linear transformations which are symmetries and the above barrage of notation was
introduced to help keep track of details in making linear transformations. So notice that if you make a linear transformation 
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H j£Ht, x, y, zLLm = Lÿn£
mÿ H jHt, x, y, zLLn£

andHA£Ht, x, y, zLLn = Lÿm£
nÿ HAHt, x, y, zLLm£ Hthese are NOT relativistic transformationsL 

then H j£Ht, x, y, zLLm gmnHA£Ht, x, y, zLLn = H jHt, x, y, zLLn£
 Lÿn£

mÿ gmn Lÿm£
nÿ HAHt, x, y, zLLm£

 and so if we demand that the transforma-
tion satisfy the requirement that 

Lÿn£
mÿ gmn Lÿm£

nÿ = gn£ m£  

(require the linear transformation to preserve the metric tensor) then we get the beginnings of a symmetry; with this condi-
tion, we have H jHt, x, y, zLLn£

 gn£ m£HAHt, x, y, zLLm£
= H j£Ht, x, y, zLLm gmnHA£Ht, x, y, zLLn. Some important things to notice are:

a) in the linear transformation matrix the dots Lÿn
mÿ  in index positions are place holders. They remove the ambiguity that

would otherwise result when a matrix notation is used. Thus in a matrix notation we have, with the index m preceding the n,

Lÿn
mÿ = Lèè =

i
k
jjjjjjjjjjjjjjj

Lÿ0
0ÿ Lÿ1

0ÿ Lÿ2
0ÿ Lÿ3

0ÿ

Lÿ0
1ÿ Lÿ1

1ÿ Lÿ2
1ÿ Lÿ3

1ÿ

Lÿ0
2ÿ Lÿ1

2ÿ Lÿ2
2ÿ Lÿ3

2ÿ

Lÿ0
3ÿ Lÿ1

3ÿ Lÿ2
3ÿ Lÿ3

3ÿ

y
{
zzzzzzzzzzzzzzz

 and Lÿn£
mÿ gmn Lÿm£

nÿ = gn£ m£  can be written in convenient matrix notation as Lèè
T  gèè Lèè = gèè . 

Matrix notation is very useful in practice for making transformation calculations, but care must be taken to distinguish a
matrix from its transpose. Incidentally there is no need for the place holders in a symmetric matrix such as dn

m.
b) the primes on the indices are used only to avoid index-name proliferation, 
c) the primes on the physical quantities are to indicate that the values of the primed components have different values from
the unprimed ones. 
d) as I have defined this transformation here,  the space-time arguments of the fields£ component functions are the same in
both the primed and unprimed fields and it is for this reason that this in NOT a relativistic transformation. 

If this procedure had turned out to leave the whole Lagrangian in exactly the same form as it had before the transformation,
it would be called an "internal symmetry", i.e., one not involving space-time. An example of such a transformation is that
of isotopic spin; it is an approximate symmetry in nature and, in its original form,  it says that neutrons and protons – apart
from E&M! –  are just the same. In the case at hand, however, we have not found a symmetry since the last two terms of 
involving derivatives do not map into the same functional form under this transformation. We will see how to remedy this
shortly but first let's look at the linear transformation a bit more.
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ü Formalities involving linear transformations, covariant/contravariant indices, and the metric tensor

Since we have introduced both covariant and contravariant indices, or covariant and contravariant tensors as people usually
say, we ought to see how they transform. From H j£Lm = Lÿn£

mÿ H jLn£

 we can immediately write, using j£m  to mean H j£Lm  to sim-
plify notation, and dropping the space-time arguments for conciseness,

glm j£m = glm Lÿn£
mÿ  dn

n£
 jn = glm Lÿn£

mÿ  gn£ l£
 gl£ n jn = Hglm Lÿn£

mÿ  gn£ l£L gl£ n jn

or
jl

£ = Hglm Lÿn£
mÿ  gn£ l£L jl£ .

This then is the transformation law for a covariant index. But we can re-express glm Lÿn£
mÿ  gn£ l£  nicely using the fact that the

metric tensor is symmetric and that the linear transformation satisfies the strong condition Lÿn£
mÿ gmn Lÿm£

nÿ = gn£ m£  as follows:

Lÿn£
mÿ gmn Lÿm£

nÿ = gn£ m£ fl Lÿn£
mÿ gmn Lÿm£

nÿ  gm£ l£
= gn£ m£  gm£ l£

= dn£
l£

= Lÿn£
mÿ H gmn Lÿm£

nÿ  gm£ l£L.
In matrix notation, this last equation is Lèè

T  gèè  Lèè gèè = 1èè  or  gèè  Lèè gèè = HLèè T L-1
= HLèè -1LT , and so the transformation equation for a

covariant vector is 

jl
£ = Hglm Lÿn£

mÿ  gn£ l£L jl£ = HL-1Lÿ l
l£ÿ

 jl£ .

 In  words,  covariant  vectors  transform inversely  as  contravariant  ones.  In  general,  this  is  the  fundamental  difference
between covariant and contravariant indices. I have shown it in the case that there is a metric that is invariant under the
transformation, but the notion is more basic than that and has no need of the metric in spite of its use in this derivation. 

The following remarks are not necessary for showing the relativistic invariance of E&M; they are included only for
completeness.

The basic idea in linear algebra is that a vector v” in any dimension N  can be expressed as a weighted sum of  a basis set of
linearly independent vectors, e”n (note that the convention is that the unit vectors, with covariant indices, act as a row matrix
and the weights, with contravariant indices, as a column matrix): 

v” = ‚
n=0

N

e”n vn = H e”0 … e”N L ikjjjjjjjjj v0

…
vN

y{zzzzzzzzz.

If another linearly independent basis e”n
£  is defined by

e”n
£ = „

m=0

N

 e”mHL-1Lÿn
mÿ so that e”m = ‚

=0

N

e”£  Lÿm
ÿ where ‚

m=0

N

 HLLÿm
ÿ  HL-1Lÿn

mÿ
= dn,

then we have 

v” = ‚
m=0

N

e”m vm = „
m=0

N

vm ‚
=0

N

e”£  Lÿm
ÿ = „

=0

N ikjjjjj‚m=0

N

Lÿm
ÿ  vm

y{zzzzz e”£ = „
=0

N

 v£  e”£ where v£ = ‚
m=0

N

Lÿm
ÿ  vm.
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(Note that the components of a vector act as a column matrix). With this law of transformation for a vector's components
we see that a vector v” is a geometric quantity independent of the basis in which it is expressed. Any index that transforms
the same way as the basis vectors (the "standard" of transformation) is said to "co-vary" and any that transforms as the
components of a vector are said to "counter-vary", i.e., counter the effect of the "varying". Incidentally, it is a matter of
choice on which of the two types of indices to use the matrix or its inverse. The convention I have chosen is the usual for
relativity. 

An inner product  between vectors can be introduced by a symmetric, non-singular  matrix Gèè  by defining e”n ÿ e”m = Gnm.
Obviously with this definition, the matrix Gèè  must be symmetric, and the non-singularity condition ensures that the basis
vectors are linearly independent (it is easy to show that if detHGèè L = 0, then there is a zero vector with some of its compo-
nents being non–zero). Thus Gèè  can be diagonalized by an orthogonal matrix into DiagHG0, G1, .…, GN L with all of Gi being
non–zero,  and the orthogonal matrix can be used to create a new basis as a linear combination of the original basis vectors.
Finally, by a change of scale of the ith dimension with the factor 1ÅÅÅÅÅÅÅÅÅÅ†Gi  † , we have in the new basis (I use the same letter for the
final basis vectors to avoid name proliferation)  e”n ÿ e”m = gnm where gnm is diagonal, and its eigenvalues are either +1 or -1.
The absolute value of the difference between the number of positive and negative eigenvalues is called the signature of the
metric space of a given dimension, and clearly, a metric space is characterized by its signature and dimension. We see that
relativistic space is four dimensional with a signature of two.

Back to the main job.

ü Writing the full Lagrangian more symmetrically

Before proceeding, we ought to join the last two terms of the Lagrangian more obviously – their numeric coefficients are
not even the same as now written. 

First pull out 1ÅÅÅÅÅÅÅm0
to get 

1
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c2  H∑i F + ∑t AiL H∑i F + ∑t AiL -

1
ÅÅÅÅÅ
4

 H∑i A j - ∑ j AiL H∑i A j - ∑ j AiLN.
Then work on the first term so its units are the same as the last and it has the same numeric factor.
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∑ xi

+
∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
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ikjjjjj ∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
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ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ xi

y{zzzzz 
ikjjjjj ∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑HctL +
∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ xi

y{zzzzz y{zzzzz
and so we can write the last two terms as
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ikjjjjj ikjjjjj ∑ H FÅÅÅÅÅc L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xi

+
∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
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ikjjjjj ∑ H FÅÅÅÅÅc L
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∑ xi

+
∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL y{zzzzz +
ikjjjjj ∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL +
∑H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ xi

y{zzzzz 
ikjjjjj ∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL +
∑ H FÅÅÅÅÅc L
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y{zzzzz - H∑i A j - ∑ j AiL H∑i A j - ∑ j AiLy{zzzzz.
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Now we want to invent a transformation so that this combination is invariant. Under the transformations which left the
source terms invariant, the set H FÅÅÅÅÅc , Ax, Ay, AzL transformed like a vector; all we need to do is arrange for the derivatives in
this combination to transform like suitable vectors. 

The fundamental idea is to let the space-time arguments of the fields£  functions transform linearly also. 

Since the zero index component of the transformation involved a non three-vector quantity Hr and FL whereas the other
three components were those of a three vector I j” and A

”÷÷ M, it is natural to make the same arrangement for the space–time
quantities, i.e., (ct, x, y, z), but it is not obvious if we should use the covariant or the contravariant transformation for
them. I'll leave that question open for now and make which ever choice will lead to a transformation which is a symmetry
(if any!).

ü Assigning contravariant indices

Now explore the new transformation (note that I have introduced ct to replace time so that the four space-time coordinates
have the same units):

H j£ Hct£, x£, y£, z£LLm = Lÿn
mÿ H j Hct, x, y, zLLn

andHA£Hct£, x£, y£, z£LLm = Lÿn
mÿHAHct, x, y, zLLÓ

and

i
k
jjjjjjjjjjjjjj

ct
x
y
z

y
{
zzzzzzzzzzzzzz is either

i
k
jjjjjjjjjjjjjjj

x0

x1

x2

x3

y
{
zzzzzzzzzzzzzzz or

i
k
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x0

x1

x2

x3

y
{
zzzzzzzzzzzzzz and similarly for the primed coordinates.

HNote that the space - time coordinates differ on the two sides of the equations in distinction to earlier,L
From x£m =Lÿn

mÿ  xn and xn = HL-1Lÿm
nÿ

 x£m we get the fundamental relation

∑
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x£m

=
∑ xn

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x£m

 
∑

ÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xn

= HL-1Lÿm
nÿ

 
∑

ÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xn

and we see that the index on the derivative with respect to contravariant quantities acts covariantly. A natural notation then
is

∑
ÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xn

= ∑n

and similarly it is easy to see that the derivative with respect to a covariant quantity yields a contravariant index, so

∑
ÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xn

= ∑n .
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With this notation we see that the quantities

Fmn = ∑m An - ∑n Am and Fmn = ∑m An - ∑n Am

where the fields are functions of  xl (or xl) respectively transform as indicated by the indices. Notice that these two tensors
are  antisymmetric,  i.e.,  Fmn = -Fnm  and  similarly  for  Fmn.  Under  the  transformation  x£m = Lÿm£

mÿ  xm£ ,  we  have
F£mnHx£lL = Lÿm£

mÿ  Lÿn£
nÿ  Fm£n£HxlL. This then implies that the quantity 

FmnHxlL FmnHxlL
is an invariant under the transformation, i.e., 

FmnHxlL FmnHxlL = F£mnHx£lL Fmn
£ Hx£lL.

Now arrange this so that it is ordered for doing the calculation with matrices (and be very careful about covariant and
contravariant indices, particularly in derivatives!). In the last step, convert all derivatives to be with respect to contravariant
coordinates, and similarly, all potentials to be contravariant:

Fmn Fmn = -Fmn Fnm = -Tr

i
k
jjjjjjjjjjjjjjj
i
k
jjjjjjjjjjjjjjj

0 ∑0 A1 - ∑1 A0 ∑0 A2 - ∑2 A0 ∑0 A3 - ∑3 A0

∑1 A0 - ∑0 A1 0 ∑1 A2 - ∑2 A1 ∑1 A3 - ∑3 A1

∑2 A0 - ∑0 A2 ∑2 A1 - ∑1 A2 0 ∑2 A3 - ∑3 A2

∑3 A0 - ∑0 A3 ∑3 A1 - ∑1 A3 ∑3 A2 - ∑2 A3 0

y
{
zzzzzzzzzzzzzzz

i
k
jjjjjjjjjjjjjj

0 ∑0 A1 - ∑1 A0 ∑0 A2 - ∑2 A0 ∑0 A3 - ∑3 A0

∑1 A0 - ∑0 A1 0 ∑1 A2 - ∑2 A1 ∑1 A3 - ∑3 A1

∑2 A0 - ∑0 A2 ∑2 A1 - ∑1 A2 0 ∑2 A3 - ∑3 A2

∑3 A0 - ∑0 A3 ∑3 A1 - ∑1 A3 ∑3 A2 - ∑2 A3 0

y
{
zzzzzzzzzzzzzz
y
{
zzzzzzzzzzzzzzz

= -H
+ H∑0 A1 - ∑1 A0L H∑1 A0 - ∑0 A1L + H∑0 A2 - ∑2 A0L H∑2 A0 - ∑0 A2L + H∑0 A3 - ∑3 A0L H∑3 A0 - ∑0 A3L
+ H∑1 A0 - ∑0 A1L H∑0 A1 - ∑1 A0L + H∑1 A2 - ∑2 A1L H∑2 A1 - ∑1 A2L + H∑1 A3 - ∑3 A1L H∑3 A1 - ∑1 A3L
+ H∑2 A0 - ∑0 A2L H∑0 A2 - ∑2 A0L + H∑2 A1 - ∑1 A2L H∑1 A2 - ∑2 A1L + H∑2 A3 - ∑3 A2L H∑3 A2 - ∑2 A3L
+ H∑3 A0 - ∑0 A3L H∑0 A3 - ∑3 A0L + H∑3 A1 - ∑1 A3L H∑1 A3 - ∑3 A1L + H∑3 A2 - ∑2 A3L H∑2 A3 - ∑3 A2LL

= -
ikjjj

+
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

-
∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz ikjj ∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

-
∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz ikjj ∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

-
∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz ikjj ∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

-
∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz ikjj ∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 -

∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

-
∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz ikjj ∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

-
∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz ikjj ∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

-
∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz ikjj ∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 -

∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zz +
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

-
∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz ikjj ∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

-
∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz ikjj ∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

-
∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz ikjj ∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 -

∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zz +
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

-
∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz ikjj ∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

-
∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz ikjj ∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zz
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y{zzz
= -

ikjjj
+

ikjjj ∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz ikjj ∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz ikjj ∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz ikjj ∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zz
+

ikjjj-
∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz ikjj ∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 -

∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zz -
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz ikjj ∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zz -
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz ikjj ∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zz
-

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 +

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz ikjj ∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 -

∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zz -
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz ikjj ∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zz -
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz ikjj ∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zz
-

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 +

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz ikjj ∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 -

∑ A0ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zz -
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz ikjj ∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zz -
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz ikjj ∑ A3ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzy{zzz
= -

ikjjj
+

ikjjj ∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz 
ikjjj ∑ A0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 +

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 +

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz 
ikjjj ∑ A0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 +

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 +

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz 
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz 
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 +

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz +
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 +

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz 
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz +
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz 
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzzy{zzz
= -

ikjjj
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 +

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz 
ikjjj ∑ A0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 +

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz +
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz 
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2  

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz 
ikjjj ∑ A0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 +

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz +
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz
+

ikjjj ∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 +

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz 
ikjjj ∑ A0

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 +

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0

y{zzz +
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz 
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x0 +

∑ A0
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz
-

ikjjj ∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz 
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2 -

∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz -
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz
-

ikjjj ∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz 
ikjjj ∑ A1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

y{zzz -
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz 
ikjjj ∑ A3

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1 -

∑ A1
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

y{zzz
-

ikjjj ∑ A2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz -
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzz 
ikjjj ∑ A2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3 -

∑ A3
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

y{zzzy{zzz
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Compare this to the last two terms of the Lagrangian (with 1ÅÅÅÅÅÅÅÅÅÅ4 m0
 divided out)ikjjjjj ∑ H FÅÅÅÅÅc L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xi

+
∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑HctL y{zzzzz 
ikjjjjj ∑ H FÅÅÅÅÅc L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ xi

+
∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL y{zzzzz +
ikjjjjj ∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL +
∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ xi

y{zzzzz 
ikjjjjj ∑ AiÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑HctL +
∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ xi

y{zzzzz - H∑i A j - ∑ j AiL H∑i A j - ∑ j AiL
=

ikjjjjj ∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
+

∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑HctL y{zzzzz 

ikjjjjj ∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
+

∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL y{zzzzz +

ikjjjjj ∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL +

∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
y{zzzzz 
ikjjjjj ∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL +
∑H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
y{zzzzz

+
ikjjjjj ∑ H FÅÅÅÅÅc L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

+
∑ Ay

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL y{zzzzz 

ikjjjjj ∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ y
+

∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL y{zzzzz +

ikjjjjj ∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL +

∑H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ y
y{zzzzz 
ikjjjjj ∑ Ay

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL +

∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ y
y{zzzzz

+
ikjjjjj ∑ H FÅÅÅÅÅc L

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ z

+
∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL y{zzzzz 

ikjjjjj ∑H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
+

∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL y{zzzzz +

ikjjjjj ∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ HctL +

∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
y{zzzzz 
ikjjjjj ∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ HctL +
∑ H FÅÅÅÅÅc L
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
y{zzzzz

-ikjjj ∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

-
∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
y{zzz ikjjj ∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ y
-

∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
y{zzz - ikjjj ∑ Ay

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

-
∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

y{zzz ikjjj ∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ x
-

∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

y{zzz
-ikjj ∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
-

∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

y{zz ikjj ∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ z

-
∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

y{zz - ikjj ∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

-
∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ z

y{zz ikjj ∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

-
∑ AxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ z

y{zz
-ikjjj ∑ Ay

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ z

-
∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

y{zzz ikjjj ∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
-

∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

y{zzz - ikjjj ∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

-
∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
y{zzz ikjjj ∑ AzÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ y
-

∑ Ay
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ z
y{zzz

Comparing the last lines, we see that they are the same if we make the correspondencesi
k
jjjjjjjjjjjjjjj

FÅÅÅÅÅc
Ax

Ay

Az

y
{
zzzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjjj

A0

A1

A2

A3

y
{
zzzzzzzzzzzzzzz and

i
k
jjjjjjjjjjjjjj

ct
x
y
z

y
{
zzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjjj

x0

x1

x2

x3

y
{
zzzzzzzzzzzzzzz .

Finally then we can write  the Lagrangian density for  electromagnetism in a form that makes its relativistic symmetry
manifest:

= - jm Am -
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4 m0

 Fmn Fmn

where

xm =

i
k
jjjjjjjjjjjjjj

ct
x
y
z

y
{
zzzzzzzzzzzzzz, Am =

i
k
jjjjjjjjjjjjjjj

FÅÅÅÅÅc
Ax

Ay

Az

y
{
zzzzzzzzzzzzzzz, jm =

i
k
jjjjjjjjjjjjjj

cr

jx

jy

jz

y
{
zzzzzzzzzzzzzz, Fmn = ∑m An - ∑n Am, gmn =

i
k
jjjjjjjjjjjjjj

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

y
{
zzzzzzzzzzzzzz,

and the matrix in the relativistic transformation x£ m = Lÿn£
mÿ  xn£

 satisfies Lÿn£
mÿ gmn Lÿm£

nÿ = gn£ m£ .
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To see that this encompasses the usual relativistic transformation x£ = gHx - v tL, t£ = gHt - v xÅÅÅÅÅÅÅc2 L where g = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!!!!!1-HvêcL2 , note

that it can be written using the  (2+2)×(2+2) matrix  Lèè =

ikjjjjjjjjjj ikjjj g -g v
-g v g

y{zzz 0èè

0èè 1èè

y{zzzzzzzzzz as 

i
k
jjjjjjjjjjjjjj
ikjjj ct£

x£
y{zzzikjjj y£

z£
y{zzz

y
{
zzzzzzzzzzzzzz =

i
k
jjjjjjjjjjj ikjjjj g -g vÅÅÅÅÅc

-g vÅÅÅÅc g

y{zzzz 0èè

0èè 1èè

y
{
zzzzzzzzzzz i
k
jjjjjjjjjjjjjj
ikjjj ct

x
y{zzzikjjj y

z
y{zzz

y
{
zzzzzzzzzzzzzz

and the transformation matrix satisfiesi
k
jjjjjjjjjjj ikjjjj g -g vÅÅÅÅÅc

-g vÅÅÅÅc g

y{zzzz 0èè

0èè 1èè

y
{
zzzzzzzzzzz

T

 

ikjjjjjjjjjj ikjjj 1 0
0 -1

y{zzz 0èè

0èè -1èè

y{zzzzzzzzzz 

i
k
jjjjjjjjjjj ikjjjj g -g vÅÅÅÅÅc

-g vÅÅÅÅc g

y{zzzz 0èè

0èè 1èè

y
{
zzzzzzzzzzz

=

i
k
jjjjjjjjjjj ikjjjj g -g vÅÅÅÅÅc

-g vÅÅÅÅc g

y{zzzz 0èè

0èè 1èè

y
{
zzzzzzzzzzz 

i
k
jjjjjjjjjjj ikjjjj g -g vÅÅÅÅÅc

g vÅÅÅÅc -g

y{zzzz 0èè

0èè -1èè

y
{
zzzzzzzzzzz

=

i
k
jjjjjjjjjjj ikjjjj g2H1 - Hv ê cL2L 0

0 -g2H1 - Hv ê cL2L y{zzzz 0èè

0èè -1èè

y
{
zzzzzzzzzzz

=

ikjjjjjjjjjj ikjjj 1 0
0 -1

y{zzz 0èè

0èè -1èè

y{zzzzzzzzzz.

This important special transformation is called a boost along the x axis. It is parametrized by the velocity v with †v§ < c that
a fixed point in the primed frame is seen to move in the unprimed frame.  An alternative and frequently useful parametriza-
tion is in terms of the rapidity  where 

cosh = g, sinh =
v
ÅÅÅÅÅ
c

 g, and tanh =
v
ÅÅÅÅÅ
c

, with - ¶ < < ¶.

It is interesting to notice that this simple boost is represented by a symmetric matrix whereas the general Lorentz transforma-
tion is represented by a non-symmetric one. This suggests that there are attributes of the Lorentz transformation that are not
evident from the simple boost case, and in fact there are! However, I will not explore them here.

The Lorentz transformation also clearly encompasses ordinary three–dimensional rotations which are represented by 3×3
orthogonal matrices, Oèè , satisfying Oèè Oèè

T = 1èè . The calculation is very easy in a H1 + 3L µ H1 + 3L matrix formatikjjjjj 1 0èT

0è Oèè

y{zzzzzT

 
ikjjjjj 1 0èT

0è -1èè

y{zzzzz 
ikjjjjj 1 0èT

0è Oèè

y{zzzzz =
ikjjjjj 1 0èT

0è OT
èè

y{zzzzz 
ikjjjjj 1 0èT

0è -Oèè

y{zzzzz =
ikjjjjj 1 0èT

0è -1èè

y{zzzzz
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which shows that ordinary rotations are Lorentz transformations. 

Of course, many other interesting things about Lorentz transformations can be demonstrated with this formalism, but I will
only discuss the transformation of electromagnetic quantities under a boost. We already know about the charge-current
density 4-vectors and the potential 4-vector. To learn about the electric and magnetic field transformations, note that

Fmn =

i
k
jjjjjjjjjjjjjjj

0 ∑0 A1 - ∑1 A0 ∑0 A2 - ∑2 A0 ∑0 A3 - ∑3 A0

-H∑0 A1 - ∑1 A0L 0 ∑1 A2 - ∑2 A1 ∑1 A3 - ∑3 A1

-H∑0 A2 - ∑2 A0L -H∑1 A2 - ∑2 A1L 0 ∑2 A3 - ∑3 A2

-H∑0 A3 - ∑3 A0L -H∑1 A3 - ∑3 A1L -H∑2 A3 - ∑3 A2L 0

y
{
zzzzzzzzzzzzzzz

=

i
k
jjjjjjjjjjjjjjjjjjjjjjj

0 1ÅÅÅÅc  H ∑AxÅÅÅÅÅÅÅÅÅÅ∑t + ∑FÅÅÅÅÅÅÅÅ∑x L 1ÅÅÅÅc  I ∑AyÅÅÅÅÅÅÅÅÅÅ∑t + ∑FÅÅÅÅÅÅÅÅ∑y M 1ÅÅÅÅc  H ∑AzÅÅÅÅÅÅÅÅÅÅ∑t + ∑FÅÅÅÅÅÅÅÅ∑z L
- 1ÅÅÅÅc  H ∑AxÅÅÅÅÅÅÅÅÅÅ∑t + ∑FÅÅÅÅÅÅÅÅ∑x L 0 - ∑AyÅÅÅÅÅÅÅÅÅÅ∑x + ∑AxÅÅÅÅÅÅÅÅÅÅ∑y - ∑AzÅÅÅÅÅÅÅÅÅÅ∑x + ∑AxÅÅÅÅÅÅÅÅÅÅ∑z

- 1ÅÅÅÅc  I ∑AyÅÅÅÅÅÅÅÅÅÅ∑t + ∑FÅÅÅÅÅÅÅÅ∑y M -I- ∑AyÅÅÅÅÅÅÅÅÅÅ∑x + ∑AxÅÅÅÅÅÅÅÅÅÅ∑y M 0 - ∑AzÅÅÅÅÅÅÅÅÅÅ∑y + ∑AyÅÅÅÅÅÅÅÅÅÅ∑z

- 1ÅÅÅÅc  H ∑AzÅÅÅÅÅÅÅÅÅÅ∑t + ∑FÅÅÅÅÅÅÅÅ∑z L -H- ∑AzÅÅÅÅÅÅÅÅÅÅ∑x + ∑AxÅÅÅÅÅÅÅÅÅÅ∑z L -I- ∑AzÅÅÅÅÅÅÅÅÅÅ∑y + ∑AyÅÅÅÅÅÅÅÅÅÅ∑z M 0

y
{
zzzzzzzzzzzzzzzzzzzzzzz.

So

Fmn =

i
k
jjjjjjjjjjjjjjjjjj

0 - 1ÅÅÅÅc  Ex - 1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ez
1ÅÅÅÅc  Ex 0 -Bz By
1ÅÅÅÅc  Ey Bz 0 -Bx
1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz.

Similarly, the doubly covariant field matrix is

Fmn =

i
k
jjjjjjjjjjjjjj

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

y
{
zzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjjjjjj

0 - 1ÅÅÅÅc  Ex - 1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ez
1ÅÅÅÅc  Ex 0 -Bz By
1ÅÅÅÅc  Ey Bz 0 -Bx
1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjj

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

y
{
zzzzzzzzzzzzzz

=

i
k
jjjjjjjjjjjjjj

1 0 0 0
0 -1 0 0
0 0 -1 0
0 0 0 -1

y
{
zzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjjjjjj

0 1ÅÅÅÅc  Ex
1ÅÅÅÅc  Ey

1ÅÅÅÅc  Ez
1ÅÅÅÅc  Ex 0 Bz -By
1ÅÅÅÅc  Ey -Bz 0 Bx
1ÅÅÅÅc  Ez By -Bx 0

y
{
zzzzzzzzzzzzzzzzzz.

So
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Fmn =

i
k
jjjjjjjjjjjjjjjjjj

0 1ÅÅÅÅc  Ex
1ÅÅÅÅc  Ey

1ÅÅÅÅc  Ez

- 1ÅÅÅÅc  Ex 0 -Bz By

- 1ÅÅÅÅc  Ey Bz 0 -Bx

- 1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz

Thus the Lagrangian can be expressed as 

= - jm Am +
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4 m0

 Fnm Fmn

= - jm Am +
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4 m0

 Tr

i
k
jjjjjjjjjjjjjjjjjj
i
k
jjjjjjjjjjjjjjjjjj

0 - 1ÅÅÅÅc  Ex - 1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ez
1ÅÅÅÅc  Ex 0 -Bz By
1ÅÅÅÅc  Ey Bz 0 -Bx
1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjjjjjj

0 1ÅÅÅÅc  Ex
1ÅÅÅÅc  Ey

1ÅÅÅÅc  Ez

- 1ÅÅÅÅc  Ex 0 -Bz By

- 1ÅÅÅÅc  Ey Bz 0 -Bx

- 1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz
y
{
zzzzzzzzzzzzzzzzzz

= - jm Am +
2

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4 m0

 J 1
ÅÅÅÅÅÅÅÅ
c2  E2 - B2 N

= - r F + j” ÿ A
”÷÷

+
1
ÅÅÅÅÅ
2

 ¶0 E2 -
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
2 m0

 B2.

This is a cross check on the calculation since we have known this form of the Lagrangian density for a long time. It also
shows the interesting fact that the form E2 - c2 B2 is a relativistic invariant. Thus if in any frame we have †E”÷÷ § = c†B”÷÷ §, this is
true in all frames. Similarly, if †E”÷÷ § > c†B”÷÷ § at a space-time point in one frame, then at the corresponding space-time point in
any other frame, the relations is still true. We will find a second invariant which is bilinear in the electric and magnetic
fields shortly. But first work out the transformation of the fields resulting from a boost along the x axis.We have in general

F£mn = Lÿm£
mÿ  Lÿn£

nÿ  Fm£n£
fl Fèè

£ = Lèè Fèè Lèè
T

so for a simple boost
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i
k
jjjjjjjjjjjjjjjjjjjj

0 - 1ÅÅÅÅc  Ex
£ - 1ÅÅÅÅc  Ey

£ - 1ÅÅÅÅc  Ez
£

1ÅÅÅÅc  Ex
£ 0 -Bz

£ By
£

1ÅÅÅÅc  Ey
£ Bz

£ 0 -Bx
£

1ÅÅÅÅc  Ez
£ -By

£ Bx
£ 0

y
{
zzzzzzzzzzzzzzzzzzzz

=

i
k
jjjjjjjjjjjjjj

cosh -sinh 0 0
-sinh cosh 0 0

0 0 1 0
0 0 0 1

y
{
zzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjjjjjj

0 - 1ÅÅÅÅc  Ex - 1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ez
1ÅÅÅÅc  Ex 0 -Bz By
1ÅÅÅÅc  Ey Bz 0 -Bx
1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjj

cosh -sinh 0 0
-sinh cosh 0 0

0 0 1 0
0 0 0 1

y
{
zzzzzzzzzzzzzz

=

i
k
jjjjjjjjjjjjjj

cosh -sinh 0 0
-sinh cosh 0 0

0 0 1 0
0 0 0 1

y
{
zzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjjjjjj

1ÅÅÅÅc  Ex sinh - 1ÅÅÅÅc  Ex cosh - 1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ez
1ÅÅÅÅc  Ex cosh - 1ÅÅÅÅc  Ex sinh -Bz By

1ÅÅÅÅc  Ey cosh - Bz sinh - 1ÅÅÅÅc  Ey sinh + Bz cosh 0 -Bx
1ÅÅÅÅc  Ez cosh + By sinh - 1ÅÅÅÅc  Ez sinh - By cosh Bx 0

y
{
zzzzzzzzzzzzzzzzzz

=

i
k
jjjjjjjjjjjjjjjjjj

0 - 1ÅÅÅÅc  ExHcosh2 - sinh2 L -H 1ÅÅÅÅc  Ey cosh - Bz sinh L - 1ÅÅÅÅc  HEz cosh + By sinh L
1ÅÅÅÅc  ExHcosh2 - sinh2 L 0 1ÅÅÅÅc  Ey sinh - Bz cosh 1ÅÅÅÅc  Ez sinh + By cosh
1ÅÅÅÅc  Ey cosh - Bz sinh - 1ÅÅÅÅc  Ey sinh + Bz cosh 0 -Bx
1ÅÅÅÅc  Ez cosh + By sinh -H 1ÅÅÅÅc  Ez sinh + By cosh L Bx 0

y
{
zzzzzzzzzzzzzzzzzz

Thus, for a relativistic boost along the x axis,  the various coordinates and electromagnetic quantities transform as follows:
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i
k
jjjjjjjjjjjjjj

ct£

x£

y£

z£

y
{
zzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjj

ct cosh - x£ sinh
-ct sinh + x£ cosh

y
z

y
{
zzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjjj

gHct - vÅÅÅÅc  xL
gH-vt + x L

y
z

y
{
zzzzzzzzzzzzzzz,ikjjjjjjjjj Ex

£ Hx£mL
Ey

£ Hx£mL
Ez

£Hx£mL y{zzzzzzzzz =
ikjjjjjjjj ExHxmL

EyHxmL cosh - cBzHxmL sinh
EzHxmL cosh + cByHxmL sinh

y{zzzzzzzz =
ikjjjjjjjj ExHxmL

gHEyHxmL - vBzHxmLL
gHEzHxmL + vByHxmLL y{zzzzzzzz,

ikjjjjjjjjj Bx
£ Hx£mL

By
£ Hx£mL

Bz
£ Hx£mL y{zzzzzzzzz =

i
kjjjjjjjjjjj

BxHxmL
1ÅÅÅÅc  EzHxmL sinh + ByHxmL cosh

- 1ÅÅÅÅc  EyHxmL sinh + BzHxmL cosh

y
{zzzzzzzzzzz =

i
kjjjjjjjjjj

BxHxmL
gHByHxmL + vÅÅÅÅÅÅc2  EzHxmLL
gHBzHxmL - vÅÅÅÅÅÅc2  EyHxmLL y

{zzzzzzzzzz,i
k
jjjjjjjjjjjjjjj

F£Hx£mLÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅc

Ax
£ Hx£mL

A£
yHx£mL

A£
zHx£mL

y
{
zzzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjjjjj

FHxmLÅÅÅÅÅÅÅÅÅÅÅÅÅc  cosh - AxHxmL sinh

- FHxmLÅÅÅÅÅÅÅÅÅÅÅÅÅc  sinh + AxHxmL cosh
AyHxmL
AzHxmL

y
{
zzzzzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjjjjj

gH FHxmLÅÅÅÅÅÅÅÅÅÅÅÅÅc - vÅÅÅÅc  AxHxmLL
gH- FHxmLÅÅÅÅÅÅÅÅÅÅÅÅÅc + AxHxmL L

AyHxmL
AzHxmL

y
{
zzzzzzzzzzzzzzzzz,

and

i
k
jjjjjjjjjjjjjjj

cr£Hx£mL
jx

£ Hx£mL
j£

yHx£mL
j£

zHx£mL
y
{
zzzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjj

crHxmL cosh - jxHxmL sinh
-crHxmL sinh + jxHxmL cosh

jyHxmL
jzHxmL

y
{
zzzzzzzzzzzzzz =

i
k
jjjjjjjjjjjjjjj

gHcrHxmL - vÅÅÅÅc  jxHxmLL
gH-crHxmL + jxHxmL L

jyHxmL
jzHxmL

y
{
zzzzzzzzzzzzzzz.

It is easy to check from this that 1ÅÅÅÅÅÅc2  E2 - B2  is invariant, i.e., 1ÅÅÅÅÅÅc2  E£2 - B£2 = 1ÅÅÅÅÅÅc2  E2 - B2. Another invariant that is easily
seen from this is E”÷÷ ÿ B”÷÷ . This says that if the electric and magnetic fields are orthogonal in one frame, then they are so in all
frames. Similarly, if either the electric or magnetic field vanishes in one frame, then either one of them vanishes in another
frame or they are orthogonal in it. 

ü The adjoint field tensor mn

Another  way  to  get  the  invariance  of  this  dot  product  is  to  introduce  the  totally  antisymmetric  tensor

emnls =
ikjjjjjjjj 1 if mnls is an even permutation of 0123

-1 if mnls is an odd permutation of 0123
0 otherwise

y{zzzzzzzz. The definition of the determinant of a 4×4 matrix can be given in

terms of this tensor by the detHM L emnls = Mÿm£
mÿ  Mÿn£

nÿ  Mÿl£
lÿ  Mÿs£

sÿ  em£ n£ l£s£ . We can first use this to verify that  emnls  takes on the
same values (to within a sign) in all reference frames if we transform it like a tensor with the rank and variance shown. We
have

e£mnls = Lÿm£
mÿ  Lÿn£

nÿ  Lÿl£
lÿ  Lÿs£

sÿ  em£n£l£s£
= Idet Lèè M emnls.

But from the fundamental condition on the transformation matrix, namely Lèè
T  gèè Lèè = gèè , we immediately obtain by taking

determinates and remembering 
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a) the determinate of a product of matrices is the product of their determinates,
b) and the determinate of the transpose of a matrix is the same as that of the matrix itself, 

detJLèè T  gèè Lèè N = detHgèè L fl detHLèè L2 = 1 fl detHLèè L = ≤1.

Thus we get e£mnls = ≤ em£n£l£s£ , with the plus sign  if detHLèè L = 1 (proper Lorentz transformation) and the minus sign in case
detHLèè L = -1. As in three dimensions a tensorial quantity whose transformation law involves the determinant of the transfor-
mation matrix, we call emnls  4th rank, pseudo–contravariant tensor.

We can also use the determinate to calculate the covariant form of this tensor:

emnls = gmm£  gnn£  gll£  gss£  em£n£l£s£
= detHgèè L emnls = -emnls.

Thus we have the rule emnls =
ikjjjjjjjj -1 if mnls is an even permutation of 0123

1 if mnls is an odd permutation of 0123
0 otherwise

y{zzzzzzzz. Finally, we can use the totally antisymmetric

4th rank tensor to define the adjoint electromagnetic field tensor (note the 1ÅÅÅÅ2 because both e and F are antisymmetric)

mn =
1
ÅÅÅÅÅ
2

 emnls Fls =
1
ÅÅÅÅÅ
2

 

i
k
jjjjjjjjjjjjjjj

0 e01ls Fls e02ls Fls e03ls Fls

-e01ls Fls 0 e12ls Fls e13ls Fls

-e02ls Fls -e12ls Fls 0 e23ls Fls

-e03ls Fls -e13ls Fls -e23ls Fls 0

y
{
zzzzzzzzzzzzzzz

=

i
k
jjjjjjjjjjjjjj

0 F23 F31 F12

-F23 0 F03 F20

-F31 -F03 0 F01

-F12 -F20 -F10 0

y
{
zzzzzzzzzzzzzz.

So

mn =

i
k
jjjjjjjjjjjjjjjjj

0 -Bx -By -Bz

Bx 0 1ÅÅÅÅc  Ez - 1ÅÅÅÅc  Ey

By - 1ÅÅÅÅc  Ez 0 1ÅÅÅÅc  Ex

Bz
1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ex 0

y
{
zzzzzzzzzzzzzzzzz

It then clear that nothing new arises by considering the invariant mn mn. However we do get something new from 
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mn Fmn = Tr

i
k
jjjjjjjjjjjjjjjjjj
i
k
jjjjjjjjjjjjjjjjj

0 -Bx -By -Bz

Bx 0 1ÅÅÅÅc  Ez - 1ÅÅÅÅc  Ey

By - 1ÅÅÅÅc  Ez 0 1ÅÅÅÅc  Ex

Bz
1ÅÅÅÅc  Ey - 1ÅÅÅÅc  Ex 0

y
{
zzzzzzzzzzzzzzzzz 

i
k
jjjjjjjjjjjjjjjjjj

0 1ÅÅÅÅc  Ex
1ÅÅÅÅc  Ey

1ÅÅÅÅc  Ez

- 1ÅÅÅÅc  Ex 0 -Bz By

- 1ÅÅÅÅc  Ey Bz 0 -Bx

- 1ÅÅÅÅc  Ez -By Bx 0

y
{
zzzzzzzzzzzzzzzzzz
y
{
zzzzzzzzzzzzzzzzzz

=
4
ÅÅÅÅÅ
c

 E”÷÷ ÿ B”÷÷ .

Consequently,  as  shown directly from the explicit  boost  looked at above,  we see that in  general E”÷÷ ÿ B”÷÷  is  a relativistic
invariant.

ü Maxwell's equations in manifestly relativistic covariant form

It is easy to get Maxwell's field equations from the Lagrangian density:

= - jm Am -
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4 m0

 Fmn Fmn = - jm Am -
1

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
4 m0

 H∑m An - ∑n AmL gmm£  gnn£H∑m£ An£
- ∑n£ Am£L.

The field equations are ∑m I ∑ ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ∑H∑m AnL M - ∑ ÅÅÅÅÅÅÅÅÅÅ∑An = 0. They give

-
1

ÅÅÅÅÅÅÅÅÅ
m0

 ∑m H∑m An - ∑n AmL - H- jnL = 0 fl ∑m Fmn = m0 jn.

It is also easy to see from the antisymmetry of emnls and the symmetry of both ∑m ∑l and ∑m ∑s that 

∑m
mn =

1
ÅÅÅÅÅ
2

 ∑m emnls Fls =
1
ÅÅÅÅÅ
2

 emnlsH∑m ∑l As - ∑m ∑s AlL = 0

We therefore have Maxwell's equations in manifestly covariant form:

∑m Fmn = m0 jn

∑m
mn = 0.

To make a final check, convert these equations to normal vectorial notation. 
First, Coulomb's law from the n = 0 equation:

∑m Fm0 = m0 j0 fl ∑1 F10 + ∑2 F20 + ∑3 F30 =
∑

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x1

 J-
1
ÅÅÅÅÅ
c

 ExN +
∑

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x2

 J-
1
ÅÅÅÅÅ
c

 EyN +
∑

ÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x3

 J-
1
ÅÅÅÅÅ
c

 EzN = m0 cr

or
∑ ExÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

+
∑ Ey
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

+
∑ EzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ z

= m0 c2 r =
r

ÅÅÅÅÅÅÅÅ
¶0

or

“
”÷÷

ÿ E”÷÷ =
r

ÅÅÅÅÅÅÅÅ
¶0
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Next the Ampere-Maxwell law from the three equations with n = 1, 2, 3:ikjjjjjjjjj
∑m Fm1 = m0 j1
∑m Fm2 = m0 j2
∑m Fm3 = m0 j3

y{zzzzzzzzz fl

i
kjjjjjjjjjj

∑0 F01 + ∑2 F21 + ∑3 F31 = -m0 jx

∑0 F02 + ∑1 F12 + ∑3 F32 = -m0 jy

∑0 F03 + ∑1 F13 + ∑2 F23 = -m0 jz

y
{zzzzzzzzzz fl

i
k
jjjjjjjjjjjjjj

∑ÅÅÅÅÅÅÅÅÅ∑x0
 F01 + ∑ÅÅÅÅÅÅÅÅÅ∑x2

 F21 + ∑ÅÅÅÅÅÅÅÅÅ∑x3
 F31 = -m0 jx

∑ÅÅÅÅÅÅÅÅÅ∑x0
 F02 + ∑ÅÅÅÅÅÅÅÅÅ∑x1

 F12 + ∑ÅÅÅÅÅÅÅÅÅ∑x3
 F32 = -m0 jy

∑ÅÅÅÅÅÅÅÅÅ∑x0
 F03 + ∑ÅÅÅÅÅÅÅÅÅ∑x1

 F13 + ∑ÅÅÅÅÅÅÅÅÅ∑x2
 F23 = -m0 jz

y
{
zzzzzzzzzzzzzz

fl

i
k
jjjjjjjjjjjjjj

∑ÅÅÅÅÅÅÅÅÅ∑x0
 H 1ÅÅÅÅc  ExL + ∑ÅÅÅÅÅÅÅÅÅ∑x2

 Bz - ∑ÅÅÅÅÅÅÅÅÅ∑x3
 By = -m0 jx

∑ÅÅÅÅÅÅÅÅÅ∑x0
 H 1ÅÅÅÅc  EyL - ∑ÅÅÅÅÅÅÅÅÅ∑x1

 Bz + ∑ÅÅÅÅÅÅÅÅÅ∑x3
 Bx = -m0 jy

∑ÅÅÅÅÅÅÅÅÅ∑x0
 H 1ÅÅÅÅc  EzL + ∑ÅÅÅÅÅÅÅÅÅ∑x1

 By - ∑ÅÅÅÅÅÅÅÅÅ∑x2
 Bx = -m0 jz

y
{
zzzzzzzzzzzzzz fl

i
k
jjjjjjjjjjjjjjj

∑ÅÅÅÅÅÅÅÅÅÅÅ∑HctL  H 1ÅÅÅÅc  ExL - ∑BzÅÅÅÅÅÅÅÅÅ∑y + ∑ByÅÅÅÅÅÅÅÅÅÅ∑z = -m0 jx

∑ÅÅÅÅÅÅÅÅÅÅÅ∑HctL  H 1ÅÅÅÅc  EyL + ∑BzÅÅÅÅÅÅÅÅÅ∑x - ∑BxÅÅÅÅÅÅÅÅÅÅ∑z = -m0 jy

∑ÅÅÅÅÅÅÅÅÅÅÅ∑HctL  H 1ÅÅÅÅc  EzL - ∑ByÅÅÅÅÅÅÅÅÅÅ∑x + ∑BxÅÅÅÅÅÅÅÅÅÅ∑y = -m0 jz

y
{
zzzzzzzzzzzzzzz

fl

i
k
jjjjjjjjjjjjjjj

I“”÷÷ ä B”÷÷ Mx = m0 jx + 1ÅÅÅÅÅÅc2  ∑ExÅÅÅÅÅÅÅÅÅÅ∑tI“”÷÷ ä B”÷÷ My = m0 jy + 1ÅÅÅÅÅÅc2  ∑EyÅÅÅÅÅÅÅÅÅÅ∑tI“”÷÷ ä B”÷÷ Mz = m0 jz + 1ÅÅÅÅÅÅc2  ∑EzÅÅÅÅÅÅÅÅÅ∑t

y
{
zzzzzzzzzzzzzzz fl

“
”÷÷

ä B”÷÷ = m0 j” + m0 ¶0 
∑ E”÷÷
ÅÅÅÅÅÅÅÅÅÅÅ
∑ t

To get the other usual Maxwell equations for Faraday's law and “
”÷÷

ÿ B”÷÷ = 0 we use the adjoint equation, ∑m
mn = 0. 

First the equation from the n = 0 case:

∑1
10 + ∑2

20 + ∑3
30 = 0 fl

∑
ÅÅÅÅÅÅÅÅÅÅ
∑ x

 10 +
∑

ÅÅÅÅÅÅÅÅÅÅ
∑ y

 20 +
∑

ÅÅÅÅÅÅÅÅÅÅ
∑ y

 30 = 0 fl
∑ BxÅÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ x

+
∑ By
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

∑ y
+

∑ BzÅÅÅÅÅÅÅÅÅÅÅÅÅ
∑ y

= 0

or the familiar

“
”÷÷

ÿ B”÷÷ = 0. 

Finally, we get Faraday's law from the n = 1, 2, 3 cases.ikjjjjjjjjj ∑0
01 + ∑2

21 + ∑3
31 = 0

∑0
02 + ∑1

12 + ∑3
32 = 0

∑0
03 + ∑1

13 + ∑2
23 = 0

y{zzzzzzzzz fl

i
k
jjjjjjjjjjjjjj

∑ÅÅÅÅÅÅÅÅÅÅÅ∑HctL  01 + ∑ÅÅÅÅÅÅÅ∑y  21 + ∑ÅÅÅÅÅÅÅ∑z  31 = 0
∑ÅÅÅÅÅÅÅÅÅÅÅ∑HctL  02 + ∑ÅÅÅÅÅÅÅ∑x  12 + ∑ÅÅÅÅÅÅÅ∑z  32 = 0
∑ÅÅÅÅÅÅÅÅÅÅÅ∑HctL  03 + ∑ÅÅÅÅÅÅÅ∑x  13 + ∑ÅÅÅÅÅÅÅ∑y  23 = 0

y
{
zzzzzzzzzzzzzz fl

i
k
jjjjjjjjjjjjjj

- ∑BxÅÅÅÅÅÅÅÅÅÅÅ∑HctL - ∑ÅÅÅÅÅÅÅ∑y  H 1ÅÅÅÅc  EzL + ∑ÅÅÅÅÅÅÅ∑z  H 1ÅÅÅÅc  EyL = 0

- ∑ByÅÅÅÅÅÅÅÅÅÅÅ∑HctL + ∑ÅÅÅÅÅÅÅ∑x  H 1ÅÅÅÅc  EzL - ∑ÅÅÅÅÅÅÅ∑z  H 1ÅÅÅÅc  ExL = 0

- ∑BzÅÅÅÅÅÅÅÅÅÅÅ∑HctL - ∑ÅÅÅÅÅÅÅ∑x  H 1ÅÅÅÅc  EyL + ∑ÅÅÅÅÅÅÅ∑y  H 1ÅÅÅÅc  ExL = 0

y
{
zzzzzzzzzzzzzz fl

i
k
jjjjjjjjjjjjjjj

- ∑BxÅÅÅÅÅÅÅÅÅÅ∑t = ∑EzÅÅÅÅÅÅÅÅÅ∑y - ∑EyÅÅÅÅÅÅÅÅÅÅ∑z

- ∑ByÅÅÅÅÅÅÅÅÅÅ∑t = - ∑EzÅÅÅÅÅÅÅÅÅ∑x + ∑ExÅÅÅÅÅÅÅÅÅÅ∑z

- ∑BzÅÅÅÅÅÅÅÅÅ∑t = ∑EyÅÅÅÅÅÅÅÅÅÅ∑x - ∑ExÅÅÅÅÅÅÅÅÅÅ∑y

y
{
zzzzzzzzzzzzzzz fl

“
”÷÷

ä E”÷÷ = -
∑ B”÷÷
ÅÅÅÅÅÅÅÅÅÅÅ
∑ t
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Finally then, we have seen that electromagnetism is covariant under relativistic transformations. Of course, it was Einstein
who showed this in a wonderfully elegant manner that elevated this fundamental electromagnetic symmetry to a general
symmetry that (so far as we know) all physical laws must exhibit.
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